Mathematica 11.3 Integration Test Results

Test results for the 474 problems in "5.1.5 Inverse sine functions.m"

Problem 7: Result unnecessarily involves imaginary or complex numbers.
a+bArcSin[cx]
J dx
(d+ex)3

Optimal (type 3, 135leaves, 4 steps):

bc3dArcTan| ——e<dx
bcv1l-c2x? a+bArcSin|[c x] [w/czdzfezm}
- +
2 (c2d?-e?) (d+ex) 2e (d+ex)? 2e (c2d?-e?)??

Result (type 3, 207 leaves):

a bcv1-c?x? b ArcSin[c x]
+ _

1
2 e(d+ex)2 (czdzfez) (d+ex) e(d+ex)2

e? 4/ c?d?-e?

ibc*d |Log[4] +Log|

ie+ic?dx+y c?2d?-e? /1-c?x? ]

bc3d (d+ex)

(cd-e)e(cd+e) Vc2d?-e?

Problem 13: Result more than twice size of optimal antiderivative.

(a+bArcsin[cx])?
j dx

d+ex

Optimal (type 4, 347 leaves, 10 steps):
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el ArcSin|[cx]

(a+bArcsin[cx])?Log[1- ¢

i (a+bArcSin[cx]) cddcde

- + +

3be e

3

ie eﬂ ArcSin[c x]

cd+r/ c?d?-e?

e e

ieel ArcSin[cx]

cd-+/c?d?-e?

(a+bArcSin[cx] )2 Log[1 - 2ib (a+bArcSin[cx]) Polylog|2,

i Arcsin[c x]

2ib (a+bArcSin[cx]) Polylog[2, +%¢

cd+/ 2 d?-e?

+
e

iArcSin[cx]

2b%Polylog[3, *°¢

cd-+/c?d?*-e?
4

e e

iArcSin[cx] }

2b%Polylog[3, *°°

cd+/ c? d*-e?

Result (type 4, 2763 leaves):
a’Log[d+ex] 1
== = ab
e 4e
14 ¢d

i (7-2ArcSin[cx])?-321iArcSin[————] ArcTan]

Ny Nroroer

(cd-e) Cot[i (7 +2Arcsin[cx]) ]

] _

1 (_Cd+q/c2 d2 - e2 ) @ -1 Arcsin[cx]

e

4 |71+ 4 ArcSin -2 ArcSinfc x] Log[l—

] -

i (Cd+‘/C2d2762 ) e—jAr‘cSin[cx]

e

4 |7t -4 ArcSin - 2ArcSin[cx] | Log[1+

|+

toed
toE)

4 (r-2ArcSin[cx]) Log[cd+cex] +8ArcSin[cx] Log[cd+cex] +
i (—cd+“/c2 42 _e? ) e i Arcsin(cx]
]+

e

81i |PolyLog|2,

1

i (cd+“/c2 4?2 _ e2 ) e-iArcsin[cx] }
n

PolyLog[Z -
, € Bex/—(—c2d2+e2)2
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14 ¢4
e

b2 —iJ—(—cdeJrez)z Ar‘cSin[cx]3—24Ji\/—(—c2d2+e2>2 ArcSin|[ ————] ArcSin[c x]

V2

14 ¢d
e

}H } +24].1J_(_C2d2+92>2 ArcSin[—]

(cd-e) Cot[ (m+2ArcSin[cx

1
4

c2d?-e?

ArcTan |

' (cd-e) (CosEArcSin[cx]} —Sin[%Ar‘cSin[cx}])
ArcSin[c x] ArcTan| | -

2 d? - e? (Cos[iAr‘cSin[c x] | +Sin[iAr‘cSin[c X] ])

i (7Cd+ c2 d27e2 ) e—iAr‘cSin[cx]

] _

BJ (- d2+e2)2 nArcSin[cx] Log|1

12J (7c2 d2+e2)2 Ar‘cSin[ie] ArcSin[c x]

i (—Cd+ 2d? _e2 ) e-iArcsin[cx]

|+

i (—cd+ 2d?_e? ) @i Arcsin[cx]

e

] _

3\/ (-c?d?+e?)® ArcSin[cx]? Log[1

e
i ( 4/C2 d2 e2 ) -i ArcSin[c x]
3\/—(—c2d2+e2)2 nArcSin[cx] Log[1+ |+
e
144
e
12\/ (-2 d2+e2>2 ArcSin|[ ————] ArcSin[c x]
V2

i (Cd+ C2 d27e2 ) e—JiAr‘cSin[cx]

|+

i (Cd+ C2 d27e2 ) e—JiAr‘cSin[cx]

Log[1+
e

|+

3J (-c?d? +e2)2 ArcSin[cx]? Log[1 +

iee
d+/-c*d*+e? ArcSin[cx]?Log[1+ ] -
—cd+/c?d?-e?

i ArcSin[cx]

d+/-c?d?+e? ArcSin[cx]?Log[1- tee |-

cd++Vc2d?-e?

5 e eJiAr‘cSin[c x]
3icd/c ArcSin[cx]? Log[1 +

]+
icd-+-c2d?+e?

i ArcSin[cx]

e ejL ArcSin[c x]

]+
icd-vV-c2d?+e?

3\/— (—c:2d2+e2)2 ArcSin[cx]? Log[1 +
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e e]i ArcSin[cx]
3icd+/c?d®-e? ArcSin[cx]?Log|1+ |+

icd+V-c?2d?+e?

) e ei ArcSin[c x]
3 |- (-c?d*+e?)* ArcSin[cx]?Log[1+ ]+
icd+V-c?2d?+e?

(cd— czdz—ez) (cx+1‘1\/1—c2x2)

e

} +

BJ (-c? d2+e2)2 nArcSinfcx] Log |1 +
144
e

12\/— (- d2+e2)2 ArcSin[ ————] ArcSin[c x]
V2

czdz—ez) (cx+1’1\/1—c2x2)

e

}_
(cd— czdz—ez) (cx+1’1\/1—c2x2)

Log[1+

|+

3\/— (—c2d2+e2)2 ArcSin[cx]?Log[1 +

e
(cd+ czdz—e2>(cx+j\/1—c2x2)
3J—(—c2d2+e2)2 mArcSin[cx] Log |1+ | -
e
14+ <4
e
12J(c2d2+e2>2 ArcSin|[ ————] ArcSin[c x]
V2

(cd+ czdz—ez) (cx+1‘1\/17c2x2)

e

Log[1+

},
(cd+ czdz—ez) (cx+1‘1\/1—c2x2)

e

ie (EJ‘L ArcSin[c x]
6icdy/-c?d?+e? ArcSin[cx] Polylog|2, |+

cd-+c2d?-¢e?

ie (ell ArcSin[cx]
61icdnf- +e? ArcSin[cx] PolyLog|2, | -
cd+/c2d?-e?

e ei ArcSin[c x]
d+/c?d?-e? ArcSin[cx] Polylog|2,

—icd+/-c?d?+e?

} ,

3J (-c?d? +e2)2 ArcSin[cx]? Log[1 +

. - 12 . e(ejAr‘cSin[cx]
6i |- (-c*d®+e’)® ArcSin[cx] Polylog|2, |+
-icd+v-c2d?+e?

e ei ArcSin[c x]
d+/c?d?-e? ArcSin[cx] Polylog|2,

11cd+ —c?2d?+e?

e e]’l ArcSin[c x]
6i |- (-c*d*+e?)? ArcSin[cx] Polylog|2, - +
icd+v-c?d?+e?

ie ei ArcSin[cx]
dA/ - 2 Polylog|3 | -6cdy/-c?d?+e?
cd—\/czdz—e2
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ie (ejL ArcSin[cx] e e]‘L ArcSin[c x]
PolyLog|3, | -61icdy/c?d?-e? Polylog|3, |+

cd+Vc2d?-e? —icd+-c2d?+e?

e (e]i ArcSin[cx]
6. (-c2d?+e?)? polylLog|3, | +6icdyc?d?-e?
—icd+-c2d?+e?
e e]i ArcSin[cx] e e]i ArcSin[c x]

PolylLog|3, - |+6. /- (-¢ d2+e2)2 PolyLog|3, - |

icd+V-c?2d?+e? icd+V-c2d?+e?

Problem 14: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+bArcsinfcx] )2
J dx

(dJrex)2

Optimal (type 4, 309 leaves, 10 steps):
ie ei ArcSin|[cx]

(a+bArcSin[cx])? cdfd e

) e(d+ex> ; e/ c2d?_e? "

et ArcSin[cx

2ibc (a+bArcSin[cx]) Log[1-

2ibc (a+bArcSin[cx]) Log[1- ¢

cd+/ c? d?-e?

eVc?d?-e?

ieel ArcSin[cx] ieel ArcSin[cx]

2b2 c Polylog|2, 2b2 c Polylog|2,

cd-+/c?d?*-e? cd+/ c?d*-e?

+

eVc2d?-e? eVc2d?-e?
Result (type 6, 1152 leaves):

-d- [L e -d+ [L e
a2 1 c? c?

-———————+2ab |-——c |1+ 1+

e (d+ex) 02/1_c2x2 d+ex d+ex

ArcSin[c x]

>
o
o
]
=
=
m
=
=
-
[
-
\
-
N
-
|
|

5 +
2 d+ex d+ex e(d+ex)
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e+chan[lAr~cSin[cx]}
‘ 27 ArcTan| 2 ]
1 b2 _ ArcSin|c x]?2 N 2 de? N
e cd+cex 2 d? - e2
1 cd (cd-e) Cot[1 (r+2ArcSin[cx]) ]
———————2 |2ArcCos |- — | ArcTanh]| K |+
V-c2d?+e? e V-c2d?+e?
(cd+e) Tan[ (r+2ArcSin[cx]) |
(m-2ArcSin[cx]) ArcTanh| 4 |+
V-c2d?+e?
cd-e) Cot[L (5+2ArcSin[c x]
Ar‘cCos[—ﬂ] +21 Ar‘cTanh[ ( ) [4 ( H ] +Ar‘cTanh[
e V-c2d?+e?
(cd+e) Tan[i (7+2ArcSin[cx]) | 1] o [ dl s e eyl (r2Ancsiniex]) |
og +
\ -c?d?+ e? V2 Ve VJcd+cex

(cd-e) Cot[i (7 +2Arcsinfcx]) ]

cd i )
ArcCos |- —] - 2 i ArcTanh| | -2 i ArcTanh|

e o Ee
(cd+e) Tan[ (r+2ArcSin[cx]) | (l— L) V-c?d?+e? g3 i Arcsiniex]
4 || Log| 2 2 ] -
V-c2d? +e? Ve Vcd+cex

(cd-e) Cot[i (7+2ArcSin[cx]) |

cd
ArcCos [— 7] + 2 1 ArcTanh [

e Vo2drie?

Log|[ | (cd+e) —cd+e—i\/m (1“'1C°t[1<ﬂ+2APCSin[CX})]]J/
4
e cd+e+mCot[l(ﬁ+2ArcSin[cx])]])]*
4

cd ,
ArcCos[- —] - 2 i ArcTanh|

(cd-e) Cot[i (7 +2ArcSin[cx]) | ]]

e Voc2d?ie?
Log|[ | (cd+e) jcd—je+\/m) (J'HCot[i(7T+2Ar~csin[cx1)})]/
elcd+e+r/-c?2d?+e? Cot[%(ﬁ+2ArcSin[cx])]))]+j (PolyLog[z,
(cd—j ~c?d*+e? | [cd+e-+/-c?d?+e? Cot[i(nJrZAr‘cSin[cx}H)]/

e

cd+e+q/-c2d?+e? Cot[1 (ﬁ+2ArcSin[cx])]))} - PolyLog|2,
4
[(cd+1‘m/—c2d2+e2

cd+e-/-c*d?+e? Cot[1 (ﬂ+2Ar‘cSin[cx}H)]/
4
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. (cd+e+\/mC0t[1 (7r+2Ar‘cSin[cx])]])]]
4

Problem 15: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(a+bArcsin[cx])?
J dx

(d+ex>3

Optimal (type 4, 401 leaves, 13 steps):
bcvVi-c?x? (a+bArcSin[cx]) (a+bAr‘cSin[cx})2

(c?d?-e?) (d+ex) 2e(d+ex)2

i ArcSin[c x]

ibc*d (a+bArcSin[cx]) Log[1- +&=

cd-/ c?d?-e?

.
e (czdz—e2)3/2

ArcSin|[cx]

ibc’d (a+bArcSin[cx]) Log[1- *ee—]
cdin/ 2 d?-e? b2 c? Log[d + e x]

e(czdz—ez)g’/2 e (c2d?-e?)

ArcSin[cx] i ArcSin[c x]

b2 ¢ d Polylog [2, M] b2 c3 d PolylLog [2, lee

cd-+/c?d?-e? cd+/ c?d?-e?

e(czdz—e2)3/2 : e(czdz—e2)3/2

Result (type 6, 1363 leaves):

2

a
i ——
2e (d+ex)?
1 _ 1 _ 1
-d- o e d+ - e 11 d+ o e
2ab|-||cq|1+ 1+ AppellF1[2, =, =, 3, - ———,
d+ex d+ex 2 2 d+ex
-d- | L e

CZ

-] /(4e2 (d+ex) m

d+ex

ArcSin[c x]

2e <d+ex)2



8 | Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb

2 V1-c2x? ArcSin[cx] ArcSin[c x]?2 Log[1+ ed—x]
- + —
(cd—e) (cd+e) (Cd“:ex) Ze(cd+cex>2 e(—c2d2+e2>

2

2 ArcTan [ e+chan[%Ar‘cSin[c x]} }

1 /€2 d?-e?
e(—c2d2+e2) JZdZ_e?

(cd+e) Cot[% (%—Ar‘cSin[cx])}
V-c2d?+e?

(-cd+e) Tan[% (ffAr‘cSin[cx])}

] -

2 (1 ~ ArcSin[c x] ) ArcTanh |
2

V-c?d? + e?

cd
2 ArcCos [— 7] ArcTanh [

I
e NEr=rore

cd+e) Cot[i (ffAr'cSin[cx})}

\ -c?d?+e?

cd )
ArcCos|[-—] -21
e

ArcTanh |

} _

~cd+e) Tan[% (£ - ArcSin[cx]
Ar‘cTanh[< ) [2(2 )}}
me—gi(é—m‘csin[cx])
Log| | + [ArcCos |- —] +
V2 e Vcd+cex e

(cd+e) Cot[% (f—Ar‘cSin[cx})]

V-c?d? + e?
1y (l—Ar-cSin[c x])
V-c2d?+e? ex'l:

ot s wmenl) | -

2i |ArcTanh| | - ArcTanh|

V-c2d?+e? V2 Ve Ved+cex

(-cd+e) Tan[i (g—Ar‘cSin[cx])}

cd
ArcCos [— 7] + 2 1 ArcTanh [

e Voc?d2ie? |
Log[1- ([cd—jx/—czderez [cd+e7\/7c2d2+e2 Tan[% [E—Ar‘csin[cx}
cd+e+mTan[§ [E—Arcsin[cx} })]] +
(-cd+e) Tan[2 (% -Arcsin[cx]|] ]]

1))/

e

cd )
-ArcCos [— 7} + 2 1 ArcTanh [

e -c2d?+e?
. 242 a2 242 a2 1 (r :
Log[1- ||cd+i~/-c?d’®+e cdre-+/-c?d?+e? Tan[~ [—7Ar'c51n[cx}
2 \2
1 (7 .
cd+e+/-c?2d?+e? Tan[f[—fAr'csln[cx] })]]Hi
2 \2

1))/

e Polylog [2,
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[(cd—i\/—c2d2+e2 cd+e-+/-c?d?+e? Tan|
1 .
e (cd+e+x/—c2d2+e2 Tan[~ (——Ar‘cSm[cx]
2
[(cd+ixl—c2d2+e2

N |-

(5 -aresinien] 1]}/

] ] ) | - PolyLog|2,

(E—Ar‘csin[cx]]]J]/
e (cd+e+\/—c2d2+e2 Tan[% (Z—Arcsin[cx])]])})]

>

N

cd+re-+/-c?d?+e? Tan|

N |

2

Problem 28: Unable to integrate problem.

j(dJrex)"' (a+bArcSin[cx]) dx

Optimal (type 6, 154 leaves, 3 steps):

d
- bc(d+ex)2*"‘ 17M
cd-e
c(d+ex> 1 1 c(d+ex> c(d+ex)
1- ———" AppellF1[2+m, =, =, 3+m, B ]/
cd+e 2 2 cd-e cd+e

(d +ex)1+m (a+bArcsinfcx])

e2(1+m) (2+m) 1-c2x% ||+

e (1+m)

Result (type 8, 18 leaves):

J(d+ex)"‘ (a+bArcsin[cx]) dx

Problem 39: Result more than twice size of optimal antiderivative.

(d-c2dx?)*? (a+bArcSin[cx])
J dx

f+rgx

Optimal (type 4, 1073 leaves, 29 steps):
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ad (cf-g) (cf+g)Vd-c2dx®> bcdx/d-c2dx? becd(cf-g) (cf+g)xVd-c2dx?
= T sgviiae N
b3dfx2V/d-c2dx® bc3dx®/d-c2dx? bd (cf-g) (cf+g)mAr‘cSin[cx}
s@Via sgViax g +
czdfxm<a+bAr‘cSin[cx]> +d(1—c2x2)m(a+bm‘csin[cx}) X

2¢g? 3g

cdf/d-c2dx? (a+bAr‘cSin[cx])2 cd(cf-g) (cf+g)xVd-c2dx? (a+bAr‘cSin[cx])2

4bg2+/1-c2x? 2bgdV1-c2x?
d(c2f2-g2)%+/d-c2dx? (a+bArcSin[cx])?
2bcgt (frgx) VI-axZ 7
d(cf-g) (cf+g) Vi-c2x* V/d-c?dx? (a+bArcSin[cx])?
2bcg? (f+gx)

ad (czfz7g2>3/2mAr‘cTan[—g—*°2” ]

Jorg Jiox

+

gtV1-c2x?
ibd (2 -g2)*?\d-c?dx? ArcSin[cx] Log[1- e ]

cf-n/c?f2-g?

.
g*V1-c?x?

ibd (c2f2-g2)¥2/d-c?dx? ArcSin[cx] Log[1- 1e e

cfirfc?f2-g?

2 42

gtV1-c?x

bd (c2£2-g2)*2/d-c?dx? Polylog[2, L& """ &]

cf-n/c? f2-g?

g*V1-c2x®
bd (c2f2-g?)*?/d-c?dx? Polylog|2, w&}

c firf c?F2-g?

g4“/1—C2X2

Result (type 4, 3456 leaves):
ad (-3cf2+4g%) ac?dfx ac?dx?

\/—d(—1+c2x2) + _

3g? 2g? 3g
acd32?f (2c2f2—3g2> Ar‘cTan[@} 32
Vd (-1+c2x?) ad3/? (—C2 'F2+g2> Log[f +gX]

2 g4 g4

%ad”2 (—c2f2+g2)3/2Log[dg+c2dfx+x/?x/—c2f2+g2 \/—d (-1+c2x%) |+

8
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1 3 2cgx . ¢ fArcSin[c x]?
——bd,/d (1-c*x*) |-—————+2gArcSin[cx] + +
2¢2 N Neraa
S ArcTan [ g+chan{£Ar‘cSin[c Xﬂ ]
1 [ 262 52
2 (-cf+g) (cf+g) e +

V1-c?x? 2 f2_ g2

cf-g) Cot[i (m+2ArcSin[cx]) ]

1 cf
— |2 ArcCos [— 7} Ar‘cTanh[
-2y g? g | _c2f2, g2

(cf+g) Tan[i— (7 +2Arcsin[cx]) ]

|+

(m-2Arcsin[cx]) ArcTanh|

|+

(g}
N

-+
N

+

(cf-g) Cot[ (m+2ArcSin[cx]) ]|
Ar‘cTanh[ 2 ]*

cf
Ar‘cCos[— —} +21

(cf+g) Tan|[* (m+2Arcsin[cx]) ]
ArcTanh | = ]
S22 g2

1 . .
[e;n (-2 ArcSin[c x]) \/m]

cf
ArcCos[- —] - 21i

Log +
ﬁ\/?\/cf+ch g
cf-g) Cot[: (r+2ArcSin[cx]) ]
Ar‘cTanh[ 1 ]—2

_c2f2ig?

| (cf+g) Tan[i(ﬂ+2Ar‘cSin[CX])] ]
i ArcTanh|

,—CZ'FZ-#gZ
1 i —nAr'cSm cx] c2 2
] K

Vg VJefrcgx

Log|

cf )
ArcCos |- —] +2iArcTanh|

g /—CZ'F2+g2
1
Log ( (cf+g) ( cf+g—i«/—c2f2+g2) [1+1’1Cot{—(rr+2Ar‘cSin[cx]H]]/
4

( (cf+g+w/—c 2+ g? Cot| 7r+2Ar‘cSin[cx}H)]]—

(cf-g) cOt[i— (m+2Arcsin[cx]) ] J

cf
ArcCos[- —] - 2 i ArcTanh|

g ’—c2f2+g2

(cf—g) Co‘c[zlfl (m+2ArcSin[cx]) | }J
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Log[((cﬁg) [jcf-jg+mJ (1'1+C0t[i<7T+2Ar'cSin[cx]>]])/
[g [cf+g+mCot[4l(7T+2Ar‘cSin[cx}H)]]+j1
((cf,j ,c2f2+g2) [cf+gfmCot[i (n+2ArcSin[cx])]])/

[g (c-F+g+x/7c2-F2+g2 Cot[jI (n+2Ar‘cSin[cx]H))] - PolyLog|2,
([C'F+J'1 —c2f2+g2) [cf+g—mCot[i (n+2Arcsin[CX])]])/

PolylLog [2,

[g (Cf+g+w/—c2f2+g2 Co‘c[41 (7T+2APCSin[CXJ>})]]J +

g+chan“—

CArcTan [ ArcSin|c X” }

1 [ c2? .ingz 1

bd |- —————/d (1- %) .

8V1-c2x? [c2¢2_g2 /—c2f2+g2

cf (cf-g) Cot[ (n+2ArcSin[cx]) ]
ZAPCCOS[—f] Ar‘cTanh[ 4 ] +

g ’—czfz+g2

(cf+g) Tan[i (m+2Arcsin[cx]) ]

(m-2Arcsin[cx]) ArcTanh| | +

_c2f2.g?

(cf-g) Cot[i (7 +2ArcSin[cx]) ]

cf
ArcCos |- —] + 21 |ArcTanh| ] +
8 [Cc2f2 . g2
(cf+g) Tan[L (r+2ArcSin[cx]) ]
Ar‘cTanh[ 4 ]

'7C2'F2+g2

13 (72 ArcSin[cx]) 22 2
es A -ccfi+ g cf
Log| | + |ArcCos |- —] -21i
V7 Vg VeFreex g
(cf-g) Cot[: (m+2ArcSin[cx])]
Ar‘cTanh[ 4 ]—2
L2 g?
(cf+g) Tan[1 (r+2ArcSin[cx]) ]
JiAr‘cTanh[ 2
_c2f2, g2
(l_jl_) <ei—I‘LAr‘cSin[cx] —c2f2+g2
Log| ] -

Vg e Fcax
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cf
ArcCos |- —] + 2 i ArcTanh|

g /—c2f2+g2
1
(cf+g) [ cf+g—ix/—c2f2+g2) (1+1’LCot[—(ﬂ+2Ar‘cSin[cx]H]]/
4

[ (cf+g+ -c? 2+ g? Cot| 7r+2Ar'cSin[cx}H)]]—

(cf-g) COt[i (m+2ArcSin[cx]) | J

Log

cf )
ArcCos[- —] - 2 i ArcTanh|

g ’—c2f2+g2
1

(cf+g) [ch-F—Jig+x/—c2-F2+g2] (1'1+Cot[* (n+2ArcSin[cx])]])/
4

[ [C'F+g+\/7gCo‘t 7r+2Ar‘cSin[cx]H)]]+1
([C'Ffll +g2) [cf+gfmCot[i(n+2ArcSin[cx])]])/
[ (C'F+g+\/7gCo‘t 7T+2Ar'cSin[cx]H)]]—PolyLog[Z,
([CF+1W) [cf+g—mCot[i<n+2ArcSin[cx])]])/

(cf—g) Cot[i (m+2ArcSin[cx]) | }}

Log

PolylLog [2,

[ (c-F+g+ -c? 2+ g? Cot| 71+2Ar'cSin[cx]H)]]J +

1

72g*1-c?x?

AJ1-c?x? ArcSin[cx] -
18 cf (2c*f?-g*) ArcSin[cx]?+9cfg?Cos[2ArcSin[cx]] +
6 g ArcSin[c x] Cos[3 ArcSin[cx]] +

d(1-c*x*) |-18cg (-4c?f2+g?) x+18g (-4c* >+ g?)

[ g+chan“—Ar‘cSin[c x]] }

st ArcTan
9 (8c*f*-8c*f2g?+g?) i +
2 f2_ g2
1 cf (cf-g) Cot[: (m+2ArcSin[cx])]
2 ArcCos |- —] ArcTanh| 4 |+

\Joc2fig? g |_c2f2 g2

(cf+g) Tan[1 (r+2ArcSin[cx]) ]
(7 -2Arcsin[cx]) ArcTanh| 4 | +

’—c2f2+g2
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(cf-g) Cot[i (7r+2Ar‘cSin[cx]H

(cf+g) Tan[i (m+2Arcsin[cx]) ] ]]]

cf
ArcCos[- —] + 21
g

ArcTanh [

] +

ArcTanh |

ei—i(n—ZAr‘cSin[cx]) m cf
Log| | + |[ArcCos[- —] -
V2 Vg VJefrcgx g
(cf-g) cot[t (r+2ArcSin[cx]) ]
2 i ArcTanh| : ] -

(cf+g) Tan[L (r+2ArcSin[cx]) ]

1
4
(§7 i) ei—jAr‘cSin[cx] \/m

Vg Jcfrcgx

2 i ArcTanh |

}

Log |

} _

(cf-g) Cot[: (m+2ArcSin[cx]) ]|

1
4

cf
ArcCos |- —] + 2 i ArcTanh|

g Jocfeg
((c-{:+g> [_C-FJrg_j\/m) {1+1’1Cot[1 (n+2Ar‘cSin[cx]H)]/

4

{g (Cf+g+\/m®t[1 (”*2APCSin[CX}H)]] _
4

cf . (cf-g) Cot[i(n+2Ar‘cSin[cx})]
ArcCos[- —] - 2 i ArcTanh| ]

g Joaeeig
((c-F+g) (jcf71g+m) (1+C0t[i(7T+2Ar‘cSin[cx])]])/
[g (cf+g+mCOt[i(ﬁ+2Ar‘cSin[cx]H))]+ﬂ
([C-F—Ji —c2f2+g2) [cf+g—mCot[i (n+2Arcsin[CX])])j/
[g (cf+g+x/—c2f2+g2 cOt[41 (H+2Ar'cSin[cx}H)]] - PolyLog|2,
([C‘F+j —c2f2+g2) [cf+gfmCot[i <ﬂ+2ArcSin[cx])]))/

]

Log |

Log|

PolylLog [2,

[g (cf+g+xl—c2f2+g2 Cot[41 (n+2Ar‘cSin[cx}H)]]) +
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18 c f g2 ArcSin[c x] Sin[2ArcSin[cx]] -2g>Sin[3 ArcSin[c x]]

Problem 43: Result more than twice size of optimal antiderivative.

(d-c2dx?)*? (a+bArcSin[cx])
J dx

f+gx
Optimal (type 4, 1648 leaves, 37 steps):
a d2 (czfz—gz)zm 2bcd?x~/d-c2dx? bcd2<c2f2—2g2)xm
+ +
g’ 15g/1 - c2 x2 3g3V/1-c2x?
bcd? (c2f2-g2)2xVd-c2dx® bcd2fx?/d-c2dx? bcd*f (c2f2-2g%) x*\/d-c2dx?
- +

+

g°V1-c?x? 16g2vV1-c?x? agi1-c2x?
bc3d2x3/d-c?dx? bcPd? (2f2-2g2) x*Vd-c?dx®? bcSd2fxt\/d-c2dx?
_ . _
45g~/1-c?x? 9g3+v1-c2x? 16 g2 1-c?x?

bc5d2x5+/d-c2dx? bd? (c:zfz—gz)zx/d—czdx2 ArcSin[c x]
+
25g+1-c?2x? g°
c?d?fxVd-c?dx? (a+bArcSin[cx]) c2d*f (c2f2-2g%) xVd-c*dx? (a+bArcSin[cx])

+

8 g2 2¢g*
cAd2fx3/d-c2dx® (a+bArcsinfcx]) d? (1-c2x?) Vd-c2dx? (a+bArcsinfcx])

4 g? ) 3g .
d? (c2f2-2g?) (17c2x2)m(a+bm~csin[cx})

3g3 :
d? (1—c2x2)2m(a+bAr‘cSin[cx]) cd%“x/W(a+bAr‘cSin[cx])2
5g 16bg2\V1-c2x2

cd21c(c2-F2—2g2)\/m(a+bAr‘cSin[cx})2

abg V1o cixt )
cd? (c2f2-g2)2x/d-c?dx® (a+bArcSinfcx])?

2bgs/1-c2x? '

d? (c2f2-g2)>/d-c?dx? (a+bArcSinfcx])?
2bcgb (-F+gx)m
d? (c2F2-g2)2/1-c2x® "/d-c2dx?® (a+bArcSin[cx])?
2bcgt (f+gx)

+
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ad? (c2 f2 —gz)S/z \/mAr‘cTan[—g—*C21CX

[ 2 £2_g2 [1-c2 x2

gsﬂ/l_czxz

ibd? (c2f2-g2)%?+/d-c?dx? ArcSin[cx] Log|1 - iethreinicg ]

cf-n/c?f2-g?

g V1-
ibd? (Cz fz*gz)s/zmm‘csin[c X] Log[l— w&}

c firf c?F2-g?

géV1-c2x?
ba (¢t g2 Vd Fax" polylog|2, LTENe

cf-q/c?f2-g?

gt NEEr
bd? (22— g?)*? /A7 dx’ PolyLog[2, “< 1]

cfq/c?f2-g?

g®/1-c?x?

Result (type 4, 8113 leaves):
ad? (15c*f4-35c2f2g?+23¢g%)

\/fd (-1+c*x?) -
15 g°
aczdz-F(4c2F2—9g2)x ac2d2<—5C2‘F2+11g2)X2 actd?fx3 actd?x*
_ _ + _

8 g4 15 g3 4 g2 5g

acd/2f (8 c*f4-20c2f2g?+15 g4> Ar‘cTan[@}

Vd (-1 R2)

8 g

ads/? (—c2f2+g2)5/2Log[f+gx] 1
6

g6

g
ad>/? (fczfz+g2)5/2Log[dg+c2d-Fx+\/?\/—c2f2+g2 \/—d (-1+c*x?) |+

1 2cgx c fArcSin[cx]?
——bd?\/d (1-c*x?) ——g+2gAr‘cSin[cx}+ Lex]®

2g? V1-c?2x? V1 -c?x?

g+chan{1—ArcSin[cx]}
JrAr‘cTan[ 2 ]
;2(—cf+g) (cf+g) e +
Vv1-c?x? [c2f2_g2
1 (cf-g) Cot[i<n+2Ar‘cSin[cx])]

cf
2 ArcCos [~ —] ArcTanh|

S |+
/7C2'F2+g2 g '—c2f2+g2
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(cf+g) Tan[ > (m+2ArcSinfcx]) |
(7 -2ArcSin[cx]) ArcTanh| 4

|+

2 f2ig?

(cf-g) cot| (m+2ArcSin[cx])]
ArcTanh [ ] +

cf )
ArcCos |- —] +21

g ’—c2f2+g2
(cf+g) Tan[1 (m+2ArcSin[cx])]
Ar‘cTanh[ : ]

1. .
{64—1 (71-2 ArcSin[c x]) '—CZ _Fz +g2 ]

VT g FcEx

(cf-g) Cot[i (7 +2Arcsin[cx]) ]
ArcTanh | ] -2

S22y g2

cf
ArcCos|[- —] - 21i
g

Log

+

| (c-F+g) Tan[i(ﬁJrZAr‘cSin[cx])]
JlAr‘cTanh[ ]

/7c2f2+g2
[ (§7 i) ei—]’lAr‘cSin[cx] /—c2f2+g2 ]

\/E\/C'F+ng

cf )
ArcCos[- —] + 2 i ArcTanh|

g ’—c2f2+g2
(cf+g) [7cf+g,j\/7c2f2+g2) (1+1’1Co‘c[l (7r+2Ar‘cSin[cx]HJ]/
4

s[cfrse g cor[ (reamresiniens) ]|
4

cf-g) Cot[i (m+2ArcSin[cx]) | }}

Log|

cf )
ArcCos |- —] -2 i ArcTanh|

‘ N
(cf+g) [J'].C‘F—]'].g-%—\/mJ (J'1+Cot[l (n+2Ar‘cSin[cx])]])/
4

[g(cf+g+\/mCot[4l<7T+2Ar‘cSin[cx}H)J]+Ji
((c-f-'_jl _c2-F2+g2)[cf+g—\/mCot[i<7T+2Ar‘cSin[cx])]])/
[g [cf+g+\/mCot[4l(7r+2Ar‘cSin[cx}H)]]—PolyLog[Z,

((C'F+J'l —c2f2+g2)[cf+g—\/mCot[l<7T+2Ar‘cSin[cx])]])/

4

(cf-g) Cot[i— (7 +2Arcsin[cx]) ] J

Log|

Polylog|2,
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[g (cf+g+x/7c2f2+g2 Co‘c[41 (n+2Ar‘cSin[cx]H))]) "

g+cfTan {iArcSin[c X] w ]

mArcTan |

) Jarg

2bd? |- ——————/d (1-c2x?) ¥

81 -c?x? \J €2 F2 - g?

(cf-g) Cot[i (m+2ArcSin[cx]) ]

1 cf
— |2 ArcCos [— —} ArcTanh [
Joor-g g Joeeig

(cf+g) Tan[i (m+2Arcsin[cx]) |

] +

(m-2Arcsin[cx]) ArcTanh|

|+

N

—c2f2+g?

(cf-g) Cot[, (m+2ArcSinfcx])]

cf
ArcCos[- —] + 21
g

ArcTanh|

|+

(C'F+g) Tan[i (n+2ArcSin[cx])]
ArcTanh | ]
[eij (n-2 ArcSin[cx]) \/m] £

V2 g VeFcex

(cf-g) Cot[i (7 +2ArcSin[cx]) ]

c
ArcCos|[- —] - 21i
g

Log

+

ArcTanh | ] -2

S22, g2

| (cf+g) Tan[i(n+2Ar‘cSin[cx])] ]
JlAr‘cTanh[

_c2f2 g2

g
) 1, .
(l_k) e;nAr‘cSln[cx] —c2f2+g2
[ 2 2 ]_

Vg Vefrcgx

cf .
ArcCos [~ —] + 2 i ArcTanh|

8 Joofrig
Log[((chg) [_cf+g_j\m) (1+Mot[l (yr+2Ar‘cSin[cx]H]]/
4

efcfreey - e g ot (ne2arcsiniex) ] || -
4

(cf-g) Cot[i (m+2Arcsin[cx]) | J

cf
ArcCos |- —] -2 i ArcTanh|

g N

(cffg) Cot[i— (71+2Ar‘cSin[cx})] }J
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Log[((cﬁg) [jcf-jg+mJ (1'1+C0t[i<7T+2Ar'cSin[cx]>]])/
[g [cf+g+mCot[4l(7T+2Ar‘cSin[cx}H)]]+j1
((cf,j ,c2f2+g2) [cf+gfmCot[i (n+2ArcSin[cx])]])/

[g (c-F+g+x/7c2-F2+g2 Cot[jI (n+2Ar‘cSin[cx]H))] - PolyLog|2,
([C'F+J'1 —c2f2+g2) [cf+g—mCot[i (n+2Arcsin[CX])]])/

Polylog [2,

[g (c-F+g+x/—c2-F2+g2 Co‘t[41 (7T+2APCSin[CXJ>})]]J +

1

72g*V1-c?x?

AJ1-c?x? ArcSin[cx] -
18 cf (2c*f?-g*) ArcSin[cx]?+9cfg?Cos[2ArcSin[cx]] +
6 g3 ArcSin[c x] Cos[3 ArcSin[cx]] +

d (1—c2x2) -18cg (—4c2f2+g2) x+18¢g (—4c2f2+g2)

g+C fTan“—Ar‘cSin [c x]] }

nArcTan| —
2 fg

9 (8c*f*-8c*f g’ + gt +
2 f2_g2

(cf-g) Cot[i (m+2ArcSin[cx]) |

1 cf
— |2 ArcCos [— 7} Ar‘cTanh[
\J-c2fig? g |_c2f2 g2

(cf+g) Tan[i (7 +2ArcSin[cx]) |

] +

(m-2Arcsin[cx]) ArcTanh| | +

7c2.|:2+g2

(cf-g) Cot[i (7 +2Arcsin[cx]) ]

cf
ArcCos |- —] + 21 |ArcTanh| ] +
g _c2f2, g2
cf+g)Tan[t
Ar'cTanh[ ( ) [4

,7C2 -F2+g2
1. .
[ezl (-2 ArcSin[cx]) ,7C2 'Fz +g2 }

ﬁ@\/cwhrch

(m+2ArcSin[cx]) ] ]]]
£

c
Log + |ArcCos |- —] -

g
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. (cf-g) Cot[i<n+2Ar‘cSin[cx})]
2 nAr'cTanh[

} _

_c2f2 g2

(cf+g) Tan[1 (r+2ArcSin[cx]) ]
2 i ArcTanh| : | Logl
(%‘i_) e;—ﬁAr‘cSin[cx] —c2f2+g2

Vg Ve Fcax

cf (cf-g) cot[2 (r+2ArcSin[cx])]
ArcCos |- —] + 2 iArcTanh| 4 ]

. N
((c-F+g) (—cf+g—iw/—c2fz+g2) [1+1’1Co‘c[l (7r+2Ar‘cSin[cx]H)]/

4

[g [cf+g+w/—c2fz+g2 Co‘c[l (7r+2Ar‘cSin[cx1H))] -
4

Log |

Cf . (cf-g) Cot[i(n+2Ar‘cSin[cx}>]
Ar‘cCos[—f} —ZnAr'cTanh[ }

. N
((cf+g) [jcf—jg+m) (J’lJrCot[1 (H+2ArcSin[cx])]])/

4
[ (cf+g+ -c? 2+ g? Cot| ﬂ+2A|"cSin[cx]H))]+1
([cfﬂ +g2) [cf+g—\/ﬁCot 7T+2Ar'cSin[cx})])]/
{ (cf+g+\/7gCot 7r+2Ar‘cSin[cx}H)]]—PolyLog[Z,
([C'F+]]_ +g2) [chg-ﬁmt 7T+2Ar‘cSin[cx})]))/

Log |

PolyLog|2,

[ (cf+g+xl +g? Cot| n+2ArcSin[cx}H)]]) +

18 c f g2 ArcSin[c x] Sin[2ArcSin[cx]] -2g>Sin[3ArcSin[cx]] || -

1
b d? d(1-c*x*) |-2cgx+2g~/1-c*x* ArcSin[cx] +
32g%2V/1-c?x?

cfArcSin[cx]?+
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g+cfTan {iAr‘cSin[c X] w ]

[ 2 f2_g?

(-2c2 2+ g?) +
c2f2_ g2

mArcTan|

1 cf (cf-g) Cot[ (m+2ArcSin[cx])]
ZAPCCOS[—f} Ar'cTanh[ 4 ] +

\Joc2fig? g |_c2f2, g2

(cf+g) Tan[j—l (7 +2ArcSin[cx]) ]

(m-2Arcsin[cx]) ArcTanh| ]+

_c2f2.g?

(cf-g) Cot[i (7 +2Arcsin[cx]) ]
ArcTanh| ] +

/_Cz.,:z+gz

cf+g) Tan[i (m+2ArcSin[cx]) ] ]]]

’—c2f2+g2

cf
ArcCos |- —] + 21
g

ArcTanh [

ei—i(n—ZAr‘cSin[cx]) \/m cf
Log| | + |[ArcCos |- —] -
V2 g Vcfrcgx g
(cf-g) Cot[: (m+2ArcSin[cx])]
2 i ArcTanh| i ] -

/—c2f2+g2

. (cf+g) Tan[i(n+2Ar‘cSin[cx})]
2 i ArcTanh| ]

| _c2 2. g2
X 1, .
(% N i) ez—nAr‘cSln[cx] /—Cz 'F2+g2

Vg VcFrcgx

Log|

(cf-g) cOt[i— (7 +2ArcSin[cx]) ]

cf )
ArcCos |- —] + 2 iArcTanh|

g /—c2f2+g2
((c-F+g) (—cf+g—iw/—c2fz+g2) [1+1’1Co‘c[l (7r+2Ar‘cSin[cx]H)]/
4
[g [cf+g+w/—c2fz+g2 Co‘c[l (7r+2Ar‘cSin[cx1H))] -
4

}

Log |

(cf-g) Cot[i (ﬂ+2Ar'cSin[cx}>]

cf
ArcCos [— 7} -21 Ar‘cTanh[

g ’—c2f2+g2
((cf+g) [jcf—jg+x/—c2f2+g2) (J’lJrCot[1 (H+2ArcSin[cx])]])/
4

[g (cf+g+mcm[l (ﬂ+2A|"cSin[cx]H)]] vi
4

J

Log|

PolyLog|2,
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([C‘F—]i —c2f2+g2) [cf+g—x/—c2f2+g2 Co'c[l (n+2Ar‘cSin[cx})]))/
4

[g (cf+g+w—c2fz+g2 Co‘c[l (7r+2Ar‘cSin[cx}H)]] - PolylLog|2,
4
([C‘F+]i. —c2f2+g2) [cf+g—x/—c21°2+g2 Cot[l <7T+2Ar‘cSin[cx1)]))/
4

[g (cf+g+w/—c2f2+g2 Cot[4l (Jr+2Ar‘cSin[cx]H)]]J -

g+c FTan[%Ar‘cSin [c X]} ]

nAr‘cTan[
1 [ 262 g2
_— d(l—czxz) e +
16 V1 -c?x? /cz.Fz_gz ’—c2f2+g2

(cf-g) Cot[i (m+2Arcsin[cx]) ]

cf
2 ArcCos [~ —] ArcTanh|
g | _c2f2 . g2

(7-2ArcSin[cx]) ArcTanh|

1

|+

] +

(cf-g) Cot[i (71+2Ar‘cSin[cx])]

] +

cf
ArcCos[- —] +2i |ArcTanh|

g —c2f2ig?

(cf+g) Tan[4l (7 +2Arcsin[cx]) ]
ArcTanh | ]
[—c2f2, g2
.F

[ejj(NZAr‘cSin[cx]) \m]
Log +
V2 g cfrcgx

(cf-g) cot[ (m+2ArcSin[cx])]

2 i ArcTanh|
[_c2f2, g2

cf+g) Tan[i (7 +2Arcsin[cx]) ] ]]

2 i ArcTanh|
|_c2f2. g2
],

1. N
i —1iArcSin[cx
(l—l)ez]l lexd\J-c2f24 g2

ArcCos [ - Cf} -
g

] _

Log[ 2 2
\/Ex/cf+ch

cf-g) Cot[i (7r+2Ar‘cSin[cx]H ]]

cf
ArcCos [— —] +21 Ar‘cTanh[
g ’—czfz+g2
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Log

(cf+g) ( c-F+g—Ji\/—CZ-F2+g2] (1+J’1Cot[l(7(+2Ar‘cSin[cx})])J/
4

( (c-F+g+ ~c2 2+ g? Cot| 7r+2Ar‘cSin[cx])]])}—

cf )
ArcCos[-—] - 2 i ArcTanh|

: Ve
1

(cf+g) (1cf—ig+ﬂ—c2fz+g2) {J'HCot[— (n+2Ar‘cSin[cx]HJ]/
4

( (cf+g+\/7gCot mzArcSin[cx])]])}m(PolyLog[z,
[(C'F—Jl +g2J (cf+g—mCot[%(7r+2Ar‘cSin[cx]H)]/
( (cf+g+\/7gCot n+2ArcSin[cx])]])}-PolyLog[z,
[(C'F+Jl +g2J (chg-mmt[%(n+2ArcSin[cx])})]/

(cffg) Cot[i (7 +2Arcsin[cx]) ] ]]

Log

( (cf+g+«/ +g? Cot| 7r+2Ar‘cSin[cx])]])}] +

d(1-c*x*) |-18cg (-4c*f*+g®) x+18g (-4c*f* + g%
144g*\V1-2 %2

\J1-c2x% ArcSin[cx] -
18 cf (2c*f2-g*) ArcSin[cx]?+9cfg?Cos[2ArcSin[cx]] +
6 g3 ArcSin[c x] Cos[3 ArcSin[cx]] +

9 (8cf'-8c*f g’+ gt

g+c~FTan{£ArcSin[c x]]
nArcTan | 2 ]
Jeeog
.
c2f2_g2
1 cf (cf-g)cot[t (n+2ArcSin[cx])]
2 ArcCos |- —] ArcTanh]| 4 |+

/_Cz.,:2+g2 g ’—c2f2+g2

(cf+g) Tan[1 (m+2ArcSin[cx]) ]
(7 -2ArcSin[cx]) ArcTanh| 4 ]+

/7c2.[:2+g2

(cf-g) Cot[i (7 +2Arcsin[cx]) ]
ArcTanh [ ]+

’—c2f2+g2

cf )
ArcCos|[-—] +21
g
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ArcTanh [

(cf+g) Tan[L (x+2Arcsin(cx])] ]J
[eiimZAPCSin[cx])m}

Ar‘cCos[fi] -

Log N
V2 g Vefrcgx g
(cf-g) Cot[: (m+2ArcSin[cx])]

2 i ArcTanh]| 4 ] -

/—c2f2+g2

(cf+g) Tan|[* (n+2Ar‘cSin[cx})]
2 i ArcTanh]| 4 || Log|
[Cc2f2.g2
(%‘i_) ei—]‘lAr‘cSin[cx] —c2f2+g2 }_
Vg VJcfrcgx

cf (cf-g) Cot[2 (r+2ArcSin[cx])]
ArcCos [~ —] + 2 i ArcTanh| 4 ]

: [org
((c-F+g) (—cf+g—im) [1+J’1Cot[1 (7T+2Ar‘csin[cx]”)]/

4

[g (c-F+g+x/—c2-Fz+g2 Co‘c[1 (7T+2Ar‘cSin[cx}H)]] -
4

Log |

cf (cf-g) Cot[i(ﬁ+2Ar‘cSin[cx}>]
ArcCos |- —] - 2 i ArcTanh| ]

g W
((c-{:+g> [jcffjg+\/m) (J'lJrCOt[i(7T+2AF‘CSin[CX])]])/
e (cf+g+\/7gco’c n+2ArcSin[cx1H)]]
(e T s |

[ (cf+g+\/7gC0t 7r+2Ar‘cSin[CX]H)]]‘POlyLog[z’

([C‘F+]]. +g2)[cf+g—x/— +g? Cot| n+2Ar‘cSin[cx})]))/

Log |

+1 |PolyLog|2,

[ (cf+g+xl +g? Cot| n+2Ar‘cSin[cx}H)]]J +

18 c f g ArcSin[c x] Sin[2ArcSin[cx]] -2g3>Sin[3ArcSin[cx]] | -
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1

32+V1-c?x?

d (1—c2x2)

32 ¢ f*x
_ -

+

24 c3 2 x

g3

2cx
g
2 (16c*f4-12c2f2g2+g*) V1-c?x? ArcSin[cx]
g

+

+
16 ¢ > ArcSin[c x]?2

g
16 c3 3 ArcSin|[c x]?

6

+
4

g
3¢ fArcSin[cx]?
g’ '
2cf (-2c?f?+g?) Cos[2ArcSin[cx]]
g* .
8 c2 f2 ArcSin[c x] Cos[3 ArcSin[c x] ]
i
3g3
2 ArcSin[c x] Cos[3 ArcSin[c x]]
i

3g

c fCos[4ArcSin[c x]]
"
4 g?
2 ArcSin[c x] Cos[5ArcSin[c x]]
i
58
g+chan{lAr‘cSin[cx]]
7 ArcTan| 2 ]
1 242 o2
— (-2c2f2+g?) (16" -16c* 2 g’ +g*) <8 +
ge c2f2_g?
1 (cf-g) Cot[i (7 +2ArcSin[cx]) |

cf
— |2 ArcCos [— 7] Ar‘cTanh[
o2 frig? g [_c2f2 g2

(cf+g) Tan[i (7 +2Arcsin[cx]) ]

] +

(7-2ArcSin[cx]) ArcTanh |

|+

S2fig?

cf (cf-g) Cot[: (m+2ArcSin[cx])]
ArcCos |- —] + 21 |ArcTanh| 4 ]+

g ’—CZ'F2+g2
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(cf+g) Tan[i (7 +2ArcSin[cx]) | ]]
Ar‘cTanh[
2§24 g2

1

eyt (r-2Ancsinfex]) m]
V2 Vg Vefrcgx

| (cf-g) Cot[i(nJrZAr‘cSin[cx]H
2]1Ar‘cTanh[ ]’

Log | +

cf
ArcCos |- —] -
g

—c2f2ig?

2 1 ArcTanh [

(cf+g) Tan[i (7r+2Ar‘cSin[cx]H ]

/—c2F2+g2

1 i ;iAr‘cSin[cx] l_ 2 2 2
Log[(z 2)e e |- Ar‘cCos[—i]Jr
Vg Vefrcgx g

2 1 ArcTanh [

(cf-g) Cot[i(;wZArcSin[cx]H]]
(cf+eg) ( Cf+gfﬂm] (1+jCot[1(n+2Ar~cSin[cx})]))/
4

( (c-F+g+ ~c2f2ig? COt H+2ArCSin[CX])]])}7

Log

cf .
ArcCos |- —] - 2 i ArcTanh|
& Joereg
1
(cf+g) (ﬂc'F—ing\/m) [1'1+Cot[* (7r+2Ar‘cSin[cx]HJ]/
4
5 1
(cf+g+mcot
4
A Tl T
1 .
t[*(T(+2AI“CSln[CX])]])/(g [c-F+g+ L2, g?
4
1
Cot [~ (JHZAr‘cSin[cx])]])} - PolyLog|2, [(cfﬂlmJ
4
(C'FJrg*\/ﬁCot 7r+2Ar‘cSin[cx])]))/

(cf—g) Cot[i (7 +2Arcsin[cx]) | ]

Log|

7T+2Ar‘cSin[cx])]])} +1

( [cf+g+\/7gCot ﬂ+2ArcSin[cx])]])}) -

8 c3 f3ArcSin[c x] Sin[2ArcSin[cx]] 4 cfArcSin[cx] Sin[2ArcSin[c x]]
+ +
a

g g’




Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb | 27

8 c2 f2Sin[3 ArcSin[c x] ]

9g3
2Sin[3 ArcSin[cx]]
+
og
c fArcSin[c x] Sin[4 ArcSin[c x] ]

2

8

2Sin[5ArcSin[c x]]
25¢g

Problem 47: Result more than twice size of optimal antiderivative.

a+bArcSin[cx]
J dx

f+gx) Vd-c?dx?

Optimal (type 4, 380 leaves, 10 steps):
i eiArcSin[(x] g }

iV1-c?x? (a+bArcSin[cx]) Log[1-
cf-n/c?f2-g?

A2 f2-g? \/d-c?2dx?

iVi-c2x? (a+bArcsinfcx]) Log[1- delhresinicx g

cf+rf c? f2-g?
A2 f2-g? \/d-c?2dx?

by/1-c2x? Polylog[2, L& &] p+/1-c2x? Polylog[2, L& """ |

Result (type 4, 1090 leaves):
aLlog[f+gx] alog[d (g+c2fx) +d /-c2f2+g? Wh

Ad ) -c2f2 4 g? Ad /-2 f2 g2

S ArcTan [ g+c fTan “—Ar‘csin[c x] w ]

S ey I
Vd-c?dx? [c2f2_ g2

1 cf (cf-g) Cot[ (m+2ArcSin[cx])]
2 ArcCos |- —| ArcTanh| 4 |+

o2 fig? g |_c2f2. g2

cf+g) Tan[i (m+2Arcsin[cx]) ]

/—c2f2+g2

|+

(7-2Arcsin[cx]) ArcTanh|
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(cf-g) Cot[3 (r+2Arcsinfcx])]
(cf+g) Tan[1 (m+2Arcsinfcx]] | e | U-2Arcsincx]) m
[ e

cf . (cf-g) Cot[i(n+2ArcSin[cx])] .
Ar‘cCos[—f] —21Ar‘cTanh[ ] —21Ar‘cTanh[

g /—c2f2+g2
X 1, .
(i* L) ezlAr'cSm[cx] '*CZ 'F2+g2

(cf+g) Tan[i(ﬂJrZArcSin[cx])] .
Log | ] -

\J-c2fig? Vg +Jc (frgx)

(cf-g) Cot[i (m+2ArcSin[cx]) |

cf
ArcCos|[-—] +21i
g

Ar‘cTanh[

} + ArcTanh [

Log

cf
ArcCos[- —] + 2 i ArcTanh|

g /—c2f2+g2
(cf+g) [—c-FJrg—jm/—cz-Fergz) [1+J’1Co‘c[l (7r+2Ar‘cSin[cx]H]]/
4

et T el e
4

(cf-g) COt[i (m+2Arcsin[cx]) ] ]]

Log|

cf )
ArcCos |- —] -2 i ArcTanh|

g Jocf g
(cf+g) [Jicf—jg+\/m] (i+Cot[i(ﬂ+2ArcSin[cx])]])/
[g [cf+g+\/mCot[i(7T+2Ar‘cSin[cx}>])]]+Ji
((cf—j —c2f2+g2) [cf+g—\/mCot[i (7r+2Ar‘cSin[cx])]])/
[g (cf+g+\/mCot[i (n+2Ar‘cSin[cx}>])J] - Polylog|2,

((C'F+]i. —c2f2+g2) [c-F+g—x/—c2F2+g2 Cot[1 (7T+2Ar‘cSin[cx])]])/
4

Log|

Polylog|2,

[g [cf+g+w/—c2fz+g2 Cot[41 (n+2Ar‘cSin[cx})])J])

Problem 48: Result more than twice size of optimal antiderivative.

a+bArcSin[cx]
J dx

-F+gx)2\/d—c2dx2

Optimal (type 4, 507 leaves, 13 steps):
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ic2fV/1-c2x2 (a+bArcSin[cx]) Log q_ dietehicng
| ) [ e g

g (1-c*x?) (a+bArcSin[cx])

(6 _g2) (frgx) Va-dxE (26 _g) 2 Vd-dxE

ic2fV/1-c2x2 (a+bArcSin[cx]) Log q_ iettrehnieg
( Jroglt- ) be VIO Logl g

(czw‘czfgz)”z\/dfczdx2 (c2f2-g?) Vd-c2dx?
bc2f~/1-c2x? Polylog[2, *™ e ] pc2f-/1-c2x? Polylog[2, *¢ """ e
[ ’ cf-r/c?f2-g? } [ ’ cffc?f2-g?
+
(c21‘=27g2)3/2\/d7c2dx2 (czfzfgz)”z\/dfczdx2

Result (type 4, 1414 leaves):

ag:/-d(-1+c2x) ac®flog[f+gx]
- + -
d(_2f2+g)(f+gX) Vd (cf-g) (cf+g>\/m
acszog[dg+c2dfx+V—m\/ ~1+c2x?) |
N

\/?(cf—g) (cf+g)-c2f+g?

b g (1-c?x?) ArcSin[cx] V1-c2x? Log[1+gf}
c

(cf-g) (cf+g) (cf+cgx)q/d(1-c2x?) (c2f2-g?) \/d (1-c2x?)

S ArcTan [ g+c f Tan [i—Ar‘cSin [cx] }

[c2 §2_g2
cf/1-c?x? cTE
c2f2_g2

1

+

(c2F2-g?) \/d (1-c?x?)

1

’—c2f2+g2

(cf+g) Cot[% (f—ArcSin[cx])}

/—CZ-F2+g2

(-cf+g) Tan[% (?—Ar‘cSin[cx])} .

2 (Z — ArcSin[c x] ] ArcTanh |

} _

cf
2ArcCos - —] ArcTanh |
g NI
(cf+g) Cot[ (= Arcsin[cx]]]
(-cf+g) Tan[i (ffAr‘cSin[cx})} }]]

cf
ArcCos|[- —] - 21i
g

ArcTanh |

} _

ArcTanh |

e—% i (Z—Ar‘cSm[c X] )

Log|
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(cf+g) Cot[% (i—ArcSin[CXJH

(-cf+g) Tan|> (ffAr‘cSin[c x})} | Log[eii (§-Aresintex)) m] )
4/_c2f2+g2 \/T\Ex/cf+ch

(-cf+g) Tan[% (f—Ar‘cSin[cx])}

21

ArcTanh | | - ArcTanh|

cf
ArcCos |- —] + 2 i ArcTanh|

g ’—c2f2+g2
- 202, 2 202, 52 1 (r .
Log[1- ||cf-ir-c2F+g cfrg-n-c?f+g? Tan| - (*—Ar‘cSm[cx}
212

[g (c-F+g+x/—c2-F2+g2 Tan[1 (E—Ar‘csin[cx} })]] +
2 12

(-cf+g) Tan[i (f—Ar‘cSin[CX])] ]

]

1))/

cf
~ArcCos[- —] + 2 i ArcTanh|

g /7C21c2+g2
[ 22 2 [ 262 o2 1 (r .
Log[l— cf+ir-c“f+g cf+g-+-c“f+g Tan[f (*—Ar‘cSm[cx}
2 12
a
2

1
[g[c-F+g+x/—c2-F2+g2 Tan[f( })]]4@1
2
[(cf—jxl—cz-FZJrng(c-FJrg—x/—cz-Fergz Tan[ ( - ArcSin[c x]
1 .
(g (cf+g+«/—c2f2+g2 Tan|— (*—Ar‘cSm[cx]
2 \2
[(cf+j«/—c21‘2+g2](cf+gfx/—c2f2+g2 Tan| (

- ArcSin[c x] PolyLog[Z,

N |

.
|

[
- PolyLog[z,

]

- ArcSin[c x]

oY ——

N |

1 /o .
(g (cf+g+x/—c2-F2+g2 Tan|— (*—Ar‘cSm[cx]
2 \2

)

Problem 51: Result unnecessarily involves higher level functions.

J(-F+gx) (a+bArcsinfcx])
(d-c2dx?)*?

dx

Optimal (type 3, 144 leaves, 6 steps):
(g+c2fx) (a+bArcSin[cx])
cava-cad
b(cf+g) V1-c2x? Log[l-cx] b (cf-g) V1-c2x? Log[l+cx]

+

2c2d~/d-c?dx? 2c2d+Vd-c?dx?

Result (type 4, 147 leaves):
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[x/d—czdx2 2ibcgq/1-c2x? EllipticF[iArcSinh[+/-c? x], 1] +
- c? [2a(g+c2fx)+2b(g+c2fx) ArcSin[cx] +bcf/1-c?x? Log[-1+c?x?]

(2 (-¢2)?%d? (-1+c2x?) |

)/

Problem 52: Result more than twice size of optimal antiderivative.

a+bArcSin[cx]
J dx

frgx) (d-c2dx?)*?

Optimal (type 4, 654 leaves, 20 steps):
V1-c2x? (a+bArcSin[cx]) Cot|X + iAr‘cSin[c x] |

4
- +

Zd(Cffg)m
ig2V1-c2x2 (a+bArcSin[cx]) Log[1 - L e

2 e

d(czfzfgz)”zm

ig?V1-c2x* (a+bArcSin[cx]) Log[1- L% e

c iy c? f2-g?

d(cz-Fz—gz)”zx/d—czdx2
b+1-c?x2 Log[Cos[f+§Ar‘cSin[cx]H b~/1-c?x? Log[Sin[f+§Ar‘cSin[cx]H
+
d(cf+g)Vd-c?dx? d(cf-g)Vd-c?dx?

bgszolyLog[Z, B } bgszolyLog[Z, delhrnic g }

cffae g ) cfnfae g
d(2f2-g2)>*d-c2dx® d(c2f2-g2)¥2d-c?dx®
m(a+bAr‘cSin[cx})Tan{§+%Ar‘cSin[cx]}
2d (cf+g)Vd-2dx®

+

Result (type 4, 1637 leaves):

(—ag+ac2fx)\/—d<—1+c2x2> ag?log[f+gx]
+
@t Fegl) (1ot g Lcfig) (cfeg) [ r g
agZLog[ngrczd'FXJr\/di -2 f2+g? \/7d<71+czxz>}

d3/2 (—c-F+g) (c-F+g) A/ -c2f2ig?

lb gV1-cZx2 ArcSin[c x] V1-c2x? Log[Cos[iAr‘cSin[c x]} —Sin[iAr‘cSin[c x}]]
d | (ce2frag?) fd (1-c2x) (cfrg)fd(1-c2x?)
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A1 -c?x? Log[Cos[%Ar‘cSin[c x] | +Sin[iAr‘cSin[c x]]]

(cf-g)/d(1-c*x?)

g+c fTan L ArcSin [cXx]
JTAr'cTan[ {2 }
1

]
g2 /1- 2% lere +
(-cf+g) (cf+g)/d(1-c2x?) \Jc2f2 o g?

cf+g)cot[t (Z-ArcSin[cx]
_r Z[E—Ar‘cSin[cx} Ar‘cTanh[( ) [2 (2 )]]—
/_Cz.,:2+g2 2

S22, g2

~cf+g) Tan[2 (X - ArcSin[cx]
2Ar‘cCos[—£]Ar‘cTanh[< ) [2 (2 )]

g Joaoeig

(cf+g) Cot[ (2 Arcsin[cx]]]

crog)Ton(d 3 aresinen]|
oo )

Log| S — m]

V2 g Vef+cgx

|+

cf
ArcCos|[- —] - 21
g

ArcTanh|

] -

ArcTanh |

cf
ArcCos|[-—] +21i
g

+

(cf+g) Cot[ (= Arcsin[cx]]]
(—c-F+g>TanE(f—Ar‘CSin[CX])] ”

%I‘L(%—Ar‘csin[cx])\/ﬁ
Log[e : +g}

\/Tx/E\/C'F+ch

ArcTanh |

] _

ArcTanh |

cf )
ArcCos[- —] + 21
g

(~cf+g) Tan[2 (% -Arcsin[cx]|]
1 [(cf,jmJ [c-FJrg—x/—cz-FZJrgz Tan[% (ngrcSin[CX]
(g (cf+g+mTan[§(E—ArcSin[cx] ]])}+
(~cf+g) Tan[2 (% -Arcsin[cx]]]

/—c2f2+g2

ArcTanh [

]

Log[

1)/

cf
-ArcCos [— 7] +2 1 ArcTanh [
g

}

Log [
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1
1—[((:-F+1'1 —cz-F2+g2J (c-F+g— —c?f?4g? Tan[f[E—Ar‘cSin[cx]
2 12
[ 2g2 52 1 (r :
glcf+g+-c°f+g Tan[f(f—Ar‘cSm[cx]
2 \2
1
([c-F—Jix/—cz-F2+g2) [c-F+g— —c?f2.g? Tan[f
2
1
[g [c-F+g+x/—c2-F2+g2 Tan[f[z
2 \2
1
([cf+1’1ﬂ—c2f2+g2) [c-F+g—\/—c2-F2+g2 Tan[f
2

1)/

- ArcSin[c x]

2 2 2 1 T 3
g Cf+g+mTan[f (——Ar‘csln[cx}
2 \2

242 : — .
1-c*x* ArcSin[cx] Sin[ = ArcSin[cx] |

2

1 . .1 .
Cos| = ArcSin[cx] | - Sin|[ = ArcSin[c x] |

2 2
242 : N .
1-c*x* ArcSin[cx] Sin[ = ArcSin[cx] |
2

[(cf—g) d(1-c2x)

1 1
Cos |~ ArcSin[cx] | +Sin[;Ar‘cSin[c x] |
2

|

Problem 54: Result unnecessarily involves higher level functions.

(-F+gx)3 (a+bArcsinfcx])
J dx

(d—czdxz)s/2

Optimal (type 3, 410leaves, 10 steps):
b (f+gx) (c2f2+g?+2c?fgx)
- +
6c3d2V/1-c2x? V/d-c2dx?
2 (cf-g) (cf+g) (g+c?fx) (a+bArcSin[cx]) (g+c?fx) (f+gx)2 (a+bArcsincx])

+

3c¢*d2+/d-c?2dx? 3c¢2d? (1-c2x2) Vd-c?dx?
b(cf-g) (cf+g)>V1-c2x? Log[l-cx] bg(cf+g)?V/1-c2x? Log[l-cx]
- +
3c¢*d?2/d-c?dx? 12c*d?vd-c2dx?

b (C1C—,cg)2g\/1—c2x2 Log[l+cx] b (c-F—g)2 (cf+g) Vi-c?x? Log[1l+cx]
+
12 c*d?>+d-c2dx? 3c¢*d?+/d-c?dx?
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Result (type 4, 366 leaves):
1

6ct/-c2 d3 (—1+c2x2)2
A/ d-c?dx?

N (—6ac2fzg+4ag3—6ac4-F3xf6ac2g3x2+4ac6F3x376ac4fg2x3+

bc3f3\/1-c?x?> +3bcfg?\/1-c?x® +3bc3f2gx~/1-c?x2 +bcgdx/1-c?x® +

2b (2g°+2c* P -3cg (fP+g?x?) -3c*fx (f2+g°x%)) ArcSin[cx] -

|

Problem 55: Result unnecessarily involves higher level functions.

ibcg (32 -5g%) (1-¢? x2)3/2 EllipticF[i ArcSinh[+/-c? x|, 1] -

bcf (2c2F-3¢?) (17c2x2)3/2Log[71+c2x2}

(f+gx)® (a+bArcSin[cx])
J dx

(d-c2dx?)®?

Optimal (type 3, 271 leaves, 10 steps):
bx (2fg+ (c?f2+g?) x) 2f (g+c*fx) (a+bArcSin[cx])

+

6cd?\V/1-c2x% Vd-c2dx? 3c¢2d?2+d-c?dx?
X (f+gx)2 (a+bArcsinfcx]) b (2cf-g) (cf+g) Vi-c?x* Log[l-cx]
+ +
3d2<1—c2x2)\/d—c2dx2 6c3d?+/d-c?dx?

b(cf-g) (2cf+g) Vi-c?x? Log[l+cx]
6c3d?>d-c2dx?

Result (type 4, 285 leaves):
1

6 (—c2)5/2 d3 (—1+c2x2)2

cyd-c*dx* |2ibc*fg(1-¢? x2)3/2 EllipticF[i ArcSinh[+/-c? x|, 1] -

Joe

2bc*fgxa1-c*x* +2bc (-2fg-c?gx*+c?f2x (-3+2c*x*)) ArcSin[cx] -

b (2c*f*-g?) (1—c2x2)3/2 Log[-1+c?x?] )

Problem 56: Result unnecessarily involves higher level functions.

~4acfg-6acifix+d4ac’f?x®-2ac®g?x®+bc?f2/1-c2x? +bg?~/1-c2x% +

(f+gx) (a+bArcSin[cx])
J dx

(d-c2dx?)>?

Optimal (type 3, 228 leaves, 6 steps):
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b (f+gx) 2fx (a+bArcSin[cx])
- + +
6cd2/1-c2x2 +/d-c2dx? 3d2+/d - c2dx?
(g+C2‘FX) (a+bAr‘cSin[cx]) ng/l_czxz ArcTanh[c x] bfv1-c2x? Log[l—czxz}
- +

3c¢2d? (1-c2x?) Vd-c?dx? 6c2d2+/d-c?2dx? 3cd?+v/d-c2dx?

Result (type 4, 208 leaves):
—([\/d—CZdXZ
(J‘Lbcg (1—c2x2)3/2Ellip‘cicF[JiAr‘cSinh[x/—c2 x|, 1] +4/-¢? (2ag+6aczfx—4ac4fx3—

bcf/1-c*x* -bcgx1-c®x* +2b (g+c®fx (3-2c?x?)) ArcSin[cx] +

2bcf (17c2x2)3/2 Log[-1+c?x?| ))/ (6 (7c2)3/2d3 (71+c2x2)2))

Problem 61: Unable to integrate problem.
J\/d—czdx2 (a+bArcsin[cx])?

f+gx

dx

Optimal (type 4, 1442 leaves, 38 steps):
a?\/d-c?2dx? ) 2b%2+/d-c?2dx? ) 2abcx/d-c?dx?

+

g 8 g\/1-c2x?
2ab+/d-c2dx? ArcSin[cx] 2b%2cx~/d-c2dx? ArcSin[c x] N
g gVv1-c2x2
b2/d-c2dx? ArcSin[cx]2 cx\d-c2dx? (a+bArcSin[cx])>
g ' 3bgV/1-c2x? i
(1,62;2)m(aerAr-csin[cx}f V1-c2x2 \/d-c2dx? (aerAr‘cSin[cx])3
3bc (fegx) VI-Ixd ) 3be (fgx) )

a?/c2f2-g? mAr‘cTan[—g—*czfx ]
[c2 fg? [1-c2x2

g2V1-c2x?

Ziabmmm{sin[cx} Log[l_w&}

g2V1-c2x?

ib2+[c2f2 g2 \d-c2dx? Arcsin[cx]?Log[1- L= e
cf-q/c?f2-g?

g2\V1-c2x?
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2iab~[c2f2 g \d-c?dx? ArcSin[cx] Log[1- +e e ]

g2V1-c2x?

ib2+/c?f2-g? \/d-c?dx?® ArcSin[cx]?Log[1 - w]
cffc g

+

2 2

g?v1l-c

2ab+[c2f2-g2 \Jd-c2dx® Polylog[2, +& e ]

X

g2 17C2X2

2b%4/c2f2-g? \/d-c2dx? ArcSin[c x] PolylLog [2, M&]
cfqfc?f2-g?

g2 17C2X2

2ab-[c?f g \d_c2dx? Polylog[2, L= Me ]

g2 NEEr

2b2+/c2f2-g2 \/d-cZdx? ArcSin[cx] Polylog[2, 1& " & ]
ctofafg

g2 NErTRY

2ib2+/c2f2-g2 \d-c2dx? Polylog[3, = e ]
cf-r/c?f2-g?

g21/17C2X2

2ib2+/c?f2-g? \/d-c?dx? PolylLog|3, w&]
c firf c?f2-g?

g2Vi-cx
Result (type 8, 35leaves):
J\/d—czdx2 (a+bArcsin[cx])?

f+gx

dx

Problem 65: Unable to integrate problem.

(d-c2dx?)*? (a+bArcSin[cx])?
J dx

f+gx

Optimal (type 4, 1992 leaves, 50 steps):
4p2d+/d-c2dx®2 a*d(cf-g) (cf+g)Vd-c?dx?* 2b%d(cf-g) (cf+g)Vd-c?dx?

+ -
3

9g g’ g
b2c2dfx+/d-c?dx2 2abcd(cf-g) (cf+g)xVd-c?dx?
+
4g? g2V1-c2x?
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2b2d(17c2x2)m 2abd (cf-g) (cf+g)mAr‘cSin[cx]
27 ¢ ) g3
b2cdf+d-c2dx? ArcSin[cx] 2b%cd (cf-g) (cf+g) x/d-c2dx? ArcSin[cx]
agi1-cix + N erra
b>d (cf-g) (cf+g) \Jd-c2dx? ArcSin[c x]?2 2bcdxm(a+bAr‘cSin[cx])
g’ BgW
bc3dfx2m(a+bAr‘cSin[cx]) 2bc3dx3m<a+bArcSin[cx})

+ +
2g2+1-c?x? 9gvV1-c?x?
c2dfx/d-c2dx? (a+bArcSin[cx])? d(1-c2x?)\d-c?dx? (a+bArcSin[cx])?
+ +

2g? 3g

cdfd-c2dx? (a+bAr‘cSin[cx])3 cd(cf-g) (cf+g)xVd-c2dx? (a+bAr‘c:Sin[cx])3
6bg’V1-c?x? 3bgV1-c?x?
d(c2f2-g2)*/d-c2dx* (a+bArcSin[cx])’

3bcgt (frgx) V1-c?x?

+

d(cf-g) (cf+g)Vi-c2x* V/d-c?dx? (a+bArcSin[cx])’
3bcg? (f+gx)

a2d (cz'f‘z—3‘32)3/2\/mAr‘cTan[—g—*cz‘cX ]

A €2 f2-g? /1-c? x? 1
ghv1-c2x? ghv1-c2x?
i (e]i ArcSin[cx]
2iabd <c21‘:2—g2)3/2x/d—c2dx2 ArcSin[cx] Log[1 - 8 ] -
cf-~/c2f2-g2

ib2d (c2f2-g2)*2+/d-c?dx? ArcSin[cx]? Log[1- Lo e ]

cf-r/c2fig? 1
+
g /1-c2 2 gt 122
i (Ej ArcSin[c x]
2iabd (cz'Fz—gz)Nzx/d—czdx2 ArcSin[cx] Log|1 - g |+
cf+~/c2f2-g2

ib*d (Cz 2 —32)3/2 Vd-c2dx? ArcSin[c x]2 Log[l et g

+

gtV1-c2x2
2abd (22 -g?)*2/d- c2dx? Polylog[2, “¢ " g ]

g VI g Vi axt

2 2 2 2\3/2 2 2 . i el ArcSin[cx] g
2b%d (c f —g) mAr‘cSm[c x] PolyLog[z, }Jr
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2abd (c2£2-g2)*?/d-c?dx? Polylog[2, L& e
cenfapg 1
+
B V- et g Vi-x

1 ArcSin[c x] g

2b%d (c? 'F27g2>3/2x/d7c2dx2 ArcSin[cx] Polylog|2, o |-
cf+~/c2f2-g?

2ib2d (22 g2)¥2/d_c?dx? Polylog|3, L= e |

cf-r/c?f2-g?

g4‘/1—c2x2

2ib2d (c2£2-g?)*2\/d-c2dx? Polylog[3, L& e ]

cf+rf c? f2-g?

g VI cx?
Result (type 8, 35leaves):

dx

(d-c2dx?)*? (a+bArcSin[cx])?
J f+gx

Problem 69: Unable to integrate problem.

(d-c2dx?)*? (a+bArcSin[cx])?
j dx

f+gx

Optimal (type 4, 2989 leaves, 74 steps):
s2b2d2/d_c2dx  Ab2d (2 F2-2g2) Vd- 2 dx

+

225g 9g3
a?d? (2f2-g?)°Vd-c?dx* 2b2d? (2f2-g?)?Vd-2dx? bp22d2fxd-c2dx?
gS N g5 N 64g2 i
bzczdzf(czfz—Zgz)xm+b2c4d2fx3m+4abcdzxm_
4g* 32¢g° 15g/1-c2x?
2abcd? (czfz—gz)zxx/m+26b2d2 (1—c2x2)\/m+

gsV1-c2x? 6758
2b2d? (c2f2-2g%) (1-2x?)Vd-c2dx®?  2b?d? (1-c2x?)*Vd-c2dx?

- +

27 g3 125¢g
2abd? (czfz—gz)zmm‘csin[cx] b2cd?f~/d-c2dx? ArcSin[c x]
g’ ' 64g2\1-c2x? _
b2 cd?f (c2f2-2g?) Vd-c2dx? ArcSin[cx] 4b2cd?x~/d-c2dx® ArcSin|c x]
aghvi-2x? ) 15g1-c2x _

2b2cd? (czfz—gz)ZX\/d—czdx2 ArcSin[cx] b2d? (cZ-FZ—gZ)Z\/d—czdx2 ArcSin[c x]?2

+

g°\/1-c?x? g

5
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2bcd? (czfz—Zgz)xm(a+bAr‘cSin[cx1)
3g3V/1-c2x?
bc3d2fx2m(a+bAr'cSin[cx])
8g2V1-c2x?
bc3d2F(c2-F2—2g2>xzm(aerAr‘cSin[cx])
2g4V1-c2x?
2bc3d2x3m(a+bAr‘cSin[cx])
45g1-c2x?
2bc3d? (c2f2—2g2>x3m(a+bAr‘cSin[cx])
9g3\/1-c2x?
bcsdzfx4m(a+bAr'cSin[cx]) 2bc5d2x5m(a+bAr‘cSin[cx])
8g2V1-c2x? 25gV1-c2x2
2d2\/m(a+bAr‘cSin[cx])2 czdzfxx/m(a+bAr‘cSin[cx])2
15g : 8 g2 )
cde-F(c2152—2g2>X\/m<a+bAr‘cSin[cx])2 czdzxzx/m<a+bAr‘cSin[cx])2
2g4 ) 15g )
c4d21°x3m(a+bAr‘cSin[cx])2+c4d2x4m(a+bAr‘cSin[cx])2_
4 g? 5g
d? (c2f2-2g?) (1-c2x?) Vd-c2dx? (aerAr‘cSin[cx})2
3g3
ch-F\/m(a+bAr‘cSin[cx}>3 cdzwc(cz-F2—2g2>\/m(a+bAr‘cSin[cx])3
2b g T- e )
cd? (c2f2-g2)?x~/d-c2dx? (a+bArcSin[cx])?
3bg®V1-c2x?
d? (c21"2—g2)3\/m(a+bAr‘cSin[cx])3
3bcg® (f+gx)m
d? (cZ-FZ—gZ)Z\/l—czx2 \d-c2dx? (aerAr‘cSin[cx])3
3bcg* (f+gx)

a?d? (c2f2-g?)°?~/d-c2dx? Ar‘cTan[—g“z”—

N €2 f2-g? A/1-c?x? 1
+
gfV1-c2x? gsﬂ/l_czxz

i ~1ArcSin[cx]
2iabd? (c21"2—g2)5/2x/d—c2dx2 ArcSin[cx] Log[1 - L g |+
cf-+/c2f2-g?

1 D2 42 (2 2 2\5/2 2 2 . ) i etArcsiniex] g
—— i b%d (c f —g) mAr‘cSm[cx] Log[1_ ]_
géV1-c?x? C-F_m

+

+

+

+

+
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1 j_eJ‘LAr‘cSin[cx] g
———— 2Jiabd? (czw‘:z—gz)'r’/zx/d—c:zdx2 ArcSin[cx] Log[1 - | -
géV1-c?x? cf+ lczfzfgz

1 5/2 i (eil ArcSin[c x] g
—————ib*d? (2 f?-g?)” mAr‘cSin[c x]% Log[1 - |+
géV1-c2x? cE. '—szz_gz
2abd? (c2f2-g2)%2/d-c2dx? Polylog[2, L= E& gl el ]

cffe g 1
N
x? gtV1-c2x?

5/2 i ejArcSin[cx] g
2b2d? (c*f?-g*)”'*+/d-c?dx* ArcSin[cx] Polylog|2, ] -
cf-/c2f2-g?
2a bd2 (Cz _FZ_gZ)S/Z \/d _Czd)(2 PolyLog[Z) w&]
cfirf 2 fi-g? 1
g5 V1- 22 g V1- 22
5/2 i e]‘lAr‘cSin[cx] g
2b%d? (22 -g?)**+/d-c?dx® ArcSin[cx] PolylLog|2, |+
cf+/c2f2-g?

2ib2d? (c242 - g2)%\/d-cZdx? Polylog|3, Lo e ]

cf-r/c?f2-g?

g6 1*C2

gV1i-c2x?
2ib2d? (c2f2-g2)%%/d-c2dx? Polylog[3, L& ]

cf+rf c? f2-g?

R
Result (type 8, 35leaves):

(d-c2dx?)*? (a+bArcSin[cx])?
J dx

f+gx

Problem 73: Unable to integrate problem.

(a+bArcsinfcx] )2
J dx
(

frgx) Vd-c?dx?

Optimal (type 4, 589 leaves, 12 steps):
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iV1-cZx? (a+bArcSinfcx])?Log[1- Lo e

Jer g A dax
iV1-c?x? (a+bArcSin[cx])?Log[1 - Lot nE ]
e g
Jar g A dax
. § ot Aresiniex)
2b/1-c2x? (a+bAr‘c51n[c x]) PolyLog[zJ ﬁ&]
Jefog Va-cax
2b/1-c2x2 (a+bArcsinfcx]) PolyLog|2, wg]

cfifc?f2-g?
A2 f2-g? \/d-c?dx?

2ib2V/1-c?x? Polylog[3, L ""“"&] 2ip2+/1-c2x? Polylog[3, L& " E]

cf-q/c?f2-g? cfiq/c?f2-g?
+
N2 f2-g? d-c?dx? N €2 f2-g? d-c?dx?
Result (type 8, 35leaves):

dx

J (a+bAr‘cSin[cx])2
(frgx) Vd-c?2dx?

Problem 74: Attempted integration timed out after 120 seconds.

dx

J (a+bArcsin[c x])2
(f+gx>2m

Optimal (type 4, 1113 leaves, 20 steps):
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icvVi-c2x® (a+bArcSin[cx])® g (1-c?x?) (a+bArcSin[cx])?

+ —

(262 _g2) Vd-cZdx? (262 _g2) (fFrgx) VA-dxE

2bc/1-c2x? (a+bArcSin[cx]) Log[1- w&}

cf-fc?f2-g?

(262 _g2) Va-cZdxd

ic2fV/1-c2x? (a+bAr‘cSin[cx])2Log[1— w]

cf-r/c?f2-g?

(26 g2 d-dxE

2bc1-c*x?* (a+bArcSin[cx]) Log[l,w

cffc?f2-g?

(26 _g2) Va-Zdxd

ic2fV/1-c2x? (a+bAr‘cSin[cx])2Log[1— w]

cfirf c?f2-g?

(26 _g2) 2 d-dxE

2ib2c/1-c2x? Polylog[2, +e " e
[ ’ cf-fc?f2-g? ]
(czfz—g2> Vd-c2dx?

2bc2fV/1-c2x? (a+bArcSin[cx]) PolyLog|2, B 2

cf-r/c?f2-g?

(26 _g2) 2 d-cdxE

2ib2c/1-c2x? Polylog[2, +e " e
[ ’ cffc?f2-g? ]
(czfz—g2> Vd-c2dx?

2bc2f/1-c2x? (a+bAr‘cSin[c x}) PolyLog[Z, w}

cfirf c?f2-g?

(26 _g) 2 d-dx

2ib2c2fV1-c2x? Polylog[3, L= &] 2ib2c2f/1-c?x? Polylog[3, +& " £]

cf-/c?f2-g? cfifc?f2-g?

.
(26222 Vd-dxE (26 _g2) 2 Vd-dxE

Result (type 1, 1leaves):

2?2

Problem 78: Unable to integrate problem.

dx

j (a+bArcsin[cx])?
(frgx) (d-c2dx?)??

Optimal (type 4, 1137 leaves, 28 steps):
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iV1-c2x? (a+bArcsin[cx])? iv/1-c2x? (a+bArcSin[cx])?
7 2d (cf-g)Vd-c2dx® ) 2d (cf+g)Vd-c2dx® 7
m(a+bAr‘cSin[cx})2Cot[f+%Ar‘csin[cx}]
2d (cf-g) Vd-cZdx?
2b/1-c?x? (a+bArcSin[cx]) Log[1- i e tAresinicx]]
d(cf+g)Vd-c2dx?
2by/1-c2x2 (a+bArcSin[cx]) Log[1 - i e!Aresiniex] |
d(cf-g)Vd-c2dx®

ig2V/1-c2x? (a+bAr‘cSin[cx])2|_og[1, w]

cf-r/c?f2-g?

+

+

+

d(c2f-g) 2 d-cdx

ig?V1-c2x¥ (a+bArcsin[cx])?Log[1- Lere]

cfirf c?f2-g?

d(c2f2-g2)>2/d-c2dx?
2ib2+/1-c?x? Polylog|2, i e *ArsiniexI] 2§ b2+/1 - c?x? Polylog[2, i eArcsiniex]]
d(cf+g)Vd-c?dx? d(cf-g)Vd-c2dx?

- i ArcSin|

2bg2V1-c*x? (a+bArcSin[cx]) Polylog|2, iemte

cf-n/c?f2-g?

+

d (c2f2-g2)*2/d-c2dx?
- i ArcSin[

2bg2V/1-c*x? (a+bArcSin[cx]) Polylog|2, ient e

cf+rf c?f2-g?

d (2 g2) 2 d-cZdxd

21 b2g2 VI~ 5@ Polylog[3, L2 e ] 5 p2 g2 /T c2x? polylog|3, Let=ie

cf-q/c?f2-g? cf+r/c?f2-g?
d (2P g) 2 d-dx d (g d-ddn
1-c*x?* (a+bArcSin[cx] >2Tan[§+ iAr‘cSin[c x] |

2d (cf+g) Vd-c2dx?

Result (type 8, 35leaves):

(a+bArcSin[cx])?
J( dx

f+gx> (d—czdxz)i‘/2

Problem 83: Unable to integrate problem.

J(a+bAr‘cSin[cx})3Log[h (frgx)"] 5
X

1-c2x?
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Optimal (type 4, 634 leaves, 15steps):

m (a+bArcSin[cx])*Log[1- ieiraiicn g )

cf-q/c?f2-g?

im(a+bArcSin[cx])®

20b2 ¢ 4bc

1 B ]-leﬂAr‘cSinjcx] g
cenfa g (a+bAr'cSin[cx])4Log[h (f+gx)m]
+
4bc 4bc

m (a+bArcSin[cx])* Log|

+

im(a+bArcSin[cx])’Polylog|2, petesnicn g )

cf-q/c?f2-g?

C

im (a +bArcSin[c x])3 PolyLog[z, wg]

c ) c? f2-g?

C

3bm (a+bArcSin[cx])®PolyLog|3, w&]

cf-r/c?f2-g?

C

3bm (a+bArcSin[cx] )2 PolyLog|3, delhresinicx) g

cfirfc?f2-g?

C

6ib?m (a+bArcSin[cx]) PolylLog|4, delfnesiniex) g

cf-r/c?f2-g?

C

6ib?m (a+bArcSin[cx]) Polylog|4, ielhresiniex g

cferf c?f2-g?

C

3 i eﬂArcSinjcx] 3 i eﬂArcSinjcx]
6 b>mPolylLog|5, **——*%| 6b>mPolylog|5, ~*————&
cf-n/c?f2-g? cf+r/ c? f2-g?

C C

Result (type 8, 37 leaves):

+bArcsi >Loglh (f+gx)"
J<a rcSinfcx])? Log|h | gx)}dlx

1-c2x?

Problem 84: Unable to integrate problem.

dx

J(a+bAr‘cSin[cx}>2Log[h (fregx)"]
1-c2x?

Optimal (type 4, 514 leaves, 13 steps):
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4 m<a+bAPCSin[CX])3Log[1,Mg]
im(a+bArcSin[cx]) ——
12b%c 3bc
b Arcsi 3 log[q - tereg
(R Cﬂm} (a+bArcsinfcx] )’ Log[h (f+gx)"]
N
3bc 3bc
im (a+bArcSin[cx])?Polylog[2, L&
1 < + ) [ ) c‘hm]
c

im (a+bArcSinfcx] )2 PolyLog|2, M&]

cfirfc?f2-g?

C

2bm (a+bArcSin[cx]) PolyLog|3, w&]

cf-/c?f2-g?

C

2bm (a+bArcSin[cx]) PolyLog|3, ittt g

cffc?f2-g? ]

C

i b2 ielhresinied g 2 i elAresiniex) g
2 i b?mPolylLog|4, | 2ib2mPolylog|4, ]
cf-q/c?f2-g? cf+q/ c?f2-g?

C C

Result (type 8, 37 leaves):

J(a+bAr‘cSin[cx])2Log[h (fregx)"] 4
X

1-c2x?

Problem 85: Result more than twice size of optimal antiderivative.

J(a+bAr‘cSin[cx]) Log|h (f+gx)"] 4
X

1-c2x?

Optimal (type 4, 390 leaves, 11 steps):
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m (a+bArcSin[cx])?Log[1- i eidresiniex) g

im(a+bArcSin[cx])? crfafg

6b%c 2bc

m(a+bAr‘cSin[cx1)2Log[1—w} 5
cffae g (a+bArcsin[cx])?Log[h (f+gx)"|
+ +
2bc 2bc

im (a+bArcSin[cx]) PolyLog|2, ielhnic g

cf-fc?f2-g? }

C

i ArcSin|

im (a+bArcSin[cx]) PolyLog|2, 4”3}

cfifc?f2-g?

C

i ArcSin|

meOlyLOg[_?, 4”&] bmpolyLog[3 &&}

cf-/c?f2-g? c firfc?f2-g?

C C

Result (type 4, 5941 leaves):
mArcSin[cx] (2a+bArcSin[cx]) Log[f +gXx]

+

2c
aArcSin[cx] (-mlLog[f+gx] +Log[h (f+gx)"])

c
1 3 1 . .
acgm —(f imArcSin[cx] - — i ArcSin[cx]?+ 2 Log[1+ e Aresiniex]] i og|
2c3 (7;7 f) g 2 2
< 8
) : . . 1
1+1etAresinlext] 4 2 ArcSin[c x] Log[1+i et Aresinlexl] _ 2 ;1 Log[Cos | = ArcSinfcx] || +
1 : : : i ArcSin[c x 1
mlog[-Cos[= (m+2ArcSin[cx])]]|-21iPolylog[2, -1 e’ [ ]}) f—_
4 23 (l_i) g
< 8

1 1 ) . i .
= imArcSin[cx] - =~ i ArcSin[cx]? + 2 Log |1+ e PATSINIEXI ]yt og[1 - i etAresinlexl]
2 2

2 ArcSin[cx] Log|[1- i etAresiniex]] —ZﬁLog[Cos[lArcSin[c x]]] -
2

mlog[sin|[ = (m+2ArcSin[cx])|] - 21 PolyLog|2, j_(eJiAr‘CSin[cx]]] .

AR

21 (JT—ZAr‘cSin[cx])z—
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cf-g) Cot[i— (7 +2ArcSin[cx]) ]
[c2f2_ g2

i e—JiAr'cSin[cx] (—C‘F+ C2 .F2_g2 ]

} _

32 1 ArcSin

[\/f} ArcTan | (

4 |7+ 4ArcSin - 2ArcSin[cx] | Log[1- | -

g

i e—]iAr‘cSin[cx] (C.FJr c2 f27g2 )

4 |71 -4 ArcSin - 2ArcSin[cx] Log[1+ ]+

g

td

4 (r-2ArcSinfcx]) Log[cf+cgx] +8ArcSin[cx] Log[cf+cgx] +

ie—]iAr‘cSin[cx] (—C'F+ ICZ.FZ_gZ

g

} +

8i |PolyLog|2,

i efjAr'cSin[cx] (C'F+ c2 'F2 _gz )

PolyLog|2, - ] +
g
—agm —;[Ejﬁm‘csin[cx}—1JlAr‘cSin[cx]Z+27rLog[1+e‘“'”CSi”[cx] - log|
C 2 ¢ (717 f) g'\2 2
c g
1+ etAresinlext] 4 2 ArcSin[c x] Log|[1 + i et Aresiniex]| —ZﬂLog[Cos[lAr‘cSin[c x]|]+
2
7rLog[7Cos[1 (m+2ArcSin[cx])|] -2iPolylog[2, —ietAresiniexl ]| _r
: r

1 1 . . ) .
=i mArcSin[cx] - = i ArcSin[cx]?+ 2 Log[1+ e FATSINIEXI |yt og[1 - 1 et Aresiniex)]
2 2

2ArcSin[cx] Log[1 - i et Aresinlex] ] 727rLog[Cos[1Ar'cSin[c x1]] -
2

nLog[sin| = (m+2ArcSin[cx])|] -2i PolyLog|2, Jie“'“CSi“[CX]}J +

» R
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- : : j.(]T—ZAI"CSin[CX])Z—
sct(-1-5) (i-4)e
N (cf-g) Cot[: (r+2ArcSin[cx])]
321 Ar‘c51n ArcTan K } -
e [am g

i e—JiAr'cSin[cx] (—C‘F+ C2 .':2 _gz ]

4 |7 +4ArcSin| - 2ArcSin[cx] | Log[1- | -
\/— g
\/,

i e—i ArcSin[cx] (C f+ c2f2_ g2 )

4 7r—4Ar‘c51n - 2ArcSin[cx] Log[l + ] +

g

4 (-2ArcSinfcx]) Log[cf+cgx] +8ArcSin[cx] Log[cf+cgx] +

i e—]iAr‘cSin[cx] (—C f+ C2 .F2 _ gz

} +

8i |PolyLog|2,
g

i efjAr'cSin[cx] (C'F+ c2 'F2 _gz )
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bf (-mLog[f+gx] +Log[h (f+gx)"]) +

/c2f27g2

(cf-g) Cot[i (7+2ArcSin[cx]) |

1 cf
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]

Log

Log|

cf
ArcCos [— 7] -21 Ar‘cTanh[

g Joeeig
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1
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1/ A
[g (c-F+g+x/—c2-F2+g2 Tan|— (*—AI“CSIH[CX]
2

2

|||

1

6C\/—(—C2'F2+g2)2
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(cf-g) Cot[i (ﬂ+2Ar‘cSin[cx}H

ArcTan | |+
14 cf
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241 \/— (- 2+ g2)? Arcsin[ ————] ArcSin[cx]
V2
(cf-g) (Cos[iAr‘cSin[cx]} -sin[ > Arcsinfc x}])
Ar‘cTan[ ]*

N/ c2f2 g2 (Cos[iAr‘cSin[cx]] +Sin[§Ar‘cSin[cx]})
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g
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g
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8
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g
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V2
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g

[cf+x/c2f2—g2] (cx+jm)
g

jeiAr‘cSin[cx] g
61cf+/-c?f2+g? ArcSin[cx] PolyLog[Z, ]+
cf-/c?2f?-g?

i e]‘LAr‘cSin[cx]
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6icef +g? ArcSin[c x] PolyLog[Z, ]—
cf+/c2f2-g?

e]l ArcSin[c x] g

~icf+q/-c2fr+g?

i ArcSin[c x] g

] _

BJ (—c2f2+g2)2 ArcSin[cx]? Log[1 +

6cf - g® ArcSin[cx] Polylog|2,

e

|+
—icfeq/-c2F24+g?
1 ArcSin[c x]
6cf/c - g? ArcSin[cx] PolyLog[Z, - c &

icf+q/-c2f2+g?

61‘1\/ (-2 F2+g2)2 ArcSin[cx] Polylog|2,

e]i ArcSin[cx] g

|+

61’1\/— (- F2+g2)2 ArcSin[cx] PolyLog|[2, -
icf+q/-c2f2+g?

i eJ‘LAr‘cSin[c x] g
f+/-c2f2+g? Polylog|3 | -
cf—w/czfz—gz

i eiAPCSin[C x] g
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1 ArcSin[c x]
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7]'lC'F+\/7C2'F2+g2
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i ArcSin[c x] g

|+

6J—(—c2f2+g2)2 PolyLog|3, c
—icfeq/-c2F24+g?
i ArcSin[c x]
6icf+/c?f?-g? PolyLog|[3, - < & |+
icf+q/-c?f?+g?

1 ArcSin[c x] g

]

6J(c2f2+g2)2 PolyLog|3, - c

icf+q/-c2Ff2+g?

Problem 86: Attempted integration timed out after 120 seconds.

dx

JLog[h (fregx)"]

1-c2x?
Optimal (type 4, 237 leaves, 9steps):

mArcSin[c x] Log[l— w&] mArcSin[c x] Log[l— ielhnic g

imArcSin[cx]? cfafafp g e g
2c C C
. 1 ArcSin[cx] - ~iArcSin[cx]
imPolylLog|2, +&—F& imPolylLog|2, +*¥——F%
ArcSin[cx] Log|h (f+gx)"] . 2, crafaf g ) . 2 [ g
c c c

Result (type 1, 1leaves):

2?7

Problem 91: Result more than twice size of optimal antiderivative.

f b ArcSi
J( +gx) (a+bArcSin[cx]) x

d+ex
Optimal (type 4, 344 leaves, 14 steps):
bgVi-c2x2 ib(ef-dg)ArcSin[cx]? gx (a+bArcSin[cx])
- +

+

ce 2e? e
b(ef-dg)ArcSin[cx] Log[1- +ee ™™™ | b (ef_dg) ArcSin[c x] Log[1 - Ltee ™
( ) [ cd-+/ c?d*-e? ( ) [ cdir]c2d?_e?
e? : e? )
b (ef-dg)ArcSin[cx] Log[d+ex] (ef-dg) (a+bArcSin[cx]) Log[d +ex]
e? : e? :
- iArcSin[cx] . i ArcSin[c x]
ib(ef-dg) PolylLog|2, *&&—— ib(ef-dg) PolyLog|2, +5¢
< ) [ cd-+/c?d?-e? ( ) [ Cdin/ 2 d2_e?
e? . e?

Result (type 4, 750 leaves):
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% 8aegx+8a(ef-dg)log[d+ex] +bef |i (r-2ArcSin[cx])?-
8e
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\/_ e
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\/— e
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i ( m) —i ArcSin[c x]
8i |PolyLog|2, ]+
e
i (Cd+ c2 d2_e2 ) e—]‘LAr‘cSin[cx]
PolyLog[Z, - ] +
e
8e/1-c?x? . . . 2
bg |———————+8exArcSin[cx] -d |i (m-2ArcSin[cx])* -
c
\/ (cd-e) cot[1 (r+2ArcSin[cx]) ]
321’1Ar‘c51n Ar‘cTan = ] -

c2d?-e?

i (*CdJr C2 d27e2 ) e—i/—\r‘csin[cx]

4 |7 +4ArcSin - 2ArcSin[cx] | Log|1-

C
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sk

4 (r-2ArcSincx]) Log[c (d+ex) | +8ArcSin[cx] Log[c (d+eX) |+

i ( 2d2 e2 ) —nAr‘cSm [cx]
4 |7t -4 ArcSin

- 2ArcSin[cx] | Log[1+ ]+

e
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8i |PolyLog|2, ]+
e
1 ( c2d?-e? ) -1 ArcSin[c x]
PolyLog[Z, - }
e

Problem 92: Result unnecessarily involves higher level functions.

f b ArcSi
J( +gx) (a+bArcSin[cx]) x

(d+ex)2

Optimal (type 4, 358 leaves, 15 steps):

] bc (ef-dg)ArcTan| ——e<dx ]
ibgArcSin[cx]? (ef-dg) (a+bArcSinf[cx]) Jed e J1ax
- - + +
2e? e? (d+ex) 02/c2d?_ @2
. ieetl ArcSin[cx] . ieel ArcSin[cx]
bgArcSin[cx] Log[1- ***———] bgArcSin[cx] Log[1- *&¢———
cd-+/ c?d?-e? cd+/ c?d?-e?
e? e? )

bgArcSin[cx] Log[d+ex] g (a+bArcSin[cx]) Log[d+ex]

+ —
e2

e2

ieel ArcSin[cx]

cd+/ c?d?-e?

ie eiArcSin[c x] ]

cd-+/ c?d*-e?

i bgPolyLog[Z, i bgPolyLog[2,

e2

Result (type 6, 590 leaves):
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e|- | L +x e| | L +x
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1 1 \l Cz e ArcSin[c x]
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e
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e
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V-c2d?+e?
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e

+
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]
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Problem 100: Result more than twice size of optimal antiderivative.

(F+gx+hx?) (a+bArcSin[cx])
J ax

d+ex
Optimal (type 4, 459 leaves, 15 steps):
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?e} - 2ArcSin[cx] | Log[1- - | -
2
e

4 |7 +4ArcSin|
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e
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e
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e
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1
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14 ¢4
e
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V2 JcZdloe?
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e
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e
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Problem 101: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

f h x2 b ArcSi
J( +gx+hx?) (a+bArc 1n[cx1)dlx

(d+ex)2

Optimal (type 4, 460 leaves, 16 steps):
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Problem 112: Result unnecessarily involves higher level functions.

dx

J<-F+gx+hx2+ix3> (a+bArcSinfcx])
<d+ex)4

Optimal (type 4, 1278 leaves, 29 steps):



78 | Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb

bc(2e*f-3deg+6d’h) V1-c?x? 11bcd¥i+1-c2x?
- +
12e? (c2d?-e?) (d+ex)2 123 (c2d?-e?) (d+ex)2

bcd? (2eh+27di) V1-c?x* bcd(e’g-6deh-18d?i) V1-c?x?

126 (@d-e?) (drex)? 128 (d-e?] (drex)?
bc<2e2(eg—4dh)—czd(Zezf—deg—Zth))m

4e? (c2d*-e?)? (d+ex)
b d*ii-c  bed (18e?i-c’d(2eh+9di)) Vi-cx®

4 3 (czdz—ez)z(d+ex) 4¢3 (czdz—ez)z(d+ex)

bcd(4e* (eh+6di)-c?d (e?g-2deh+6d?i))V1-c?x?

43 (czdzfez)2 (d+ex)

ibiArcSin[cx]? (e*f-de?g+d?eh-d*i) (a+bArcSin[cx])

2et 3e4(d+ex)3

(e?g-2deh+3d*i) (a+bArcSin[cx]) (eh-3di) (a+bArcSin[cx])

2e4<d+ex)2 et (d+ex)
e+c?dx

Verd?-e? \/1-c2x?

(bc (4c*d*f+12e’h+c? (2e’f-9deg+6d°h)) ArcTan|

1)/

11bc3d? (2 c? d2+e2) iArcTan[%]
(12e(c2d2—e2>5/2)_ Jed e Jiex .

12e* (c2d?-e?)>?

bc3d? (4c2d2h+e <2eh+81di)>Achan[%

\/ c2d?-e? ~/1-c?x?

12 €3 (czdz—ez)S/2
e+c2dx

Je2d2-e? \/1-c2x?

1)/

(bcd (2c*d*g-36e’i+c* (e?g-18deh-18d”i)) ArcTan|

ieeb ArcSin|[cx]

biArcSinfcx] Log[1 -
(12e2 (czdz—ez)S/z) + cd-ycid-e |

4

e
ieel ArcSin[cx]

cd+/ c d?-e? biArcSin[cx] Log[d + e x]

et et

biArcSin[cx] Log[1-

+

i ArcSin[c x]

ibi PolyLog[Z, iee

cd-+/ c? d*-e?

ieel ArcSin[cx]
cdn/ c?d?-e?

i biPolylog|2
i (a+bArcSin[cx]) Log[d+ex] ytog 2,

4 e4 4

e e

Result (type 6, 2069 leaves):

~ae’f+ade’g-ad’eh+ad®i -ae’g+2adeh-3ad?i -aeh+3adi
+

N
3e* (d+ex)? 2e* (d+ex)? e* (d+ex)




bh |-

bg

Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb | 79

-d- |+ e -d+ |t e -d+ |+ e
C C 1 1 C

c+l1+ 1+ AppellF1[3, =, =, 4, -
d+ex d+ex 2 2 d+ex

d- L e
c? A . L
7} /(Qez (d+ex)2 lfczsz - rcSinfc x| +al Og[ereX]Jr

3e(d+ex)3 e

1 cV1-c?x? ArcSin[c x] , 1
= - - |ic*d|Log[4] +Log[—————e?+/c?d* - e?
e? (czdz—ez) (d+ex) e(d+ex)2 c3d(d+ex)

+

})]/[(cde)e(cme) e

je+]iC2dX+\/C2d2er \/1—c2x2

Log[d+e X] —Log{e+cz d x++/ —c2 d?+e? [ 1-c? x? } )

C

_ ArcSinfex]
d+e x \/m . 1 42
e3 6 e?
m(—ce2+c3d(4d+3ex)) 2 ArcSin[c x] c® (2c2d? +e?) Log[d +ex]
{ (-c2d?+e?)? (d+ex)? ) e(d+ex)’ +e(—cd+e)2(cd+e)2m_

¢ (2c2d?+e?) Logle+c?dx+/-c2d?+e? \1-c2x? |

e (—cd+e)2 (cd+e)2\/—c2d2+e2

+

1 cV1-c?x? ArcSin[c x]

2e| (c2d?-e?) (d+ex) e(d+ex)2

e/ c?d?-e? [J‘l e+i c2dx+q/ c?2d?-e? +/1-c?x? ]

ic3d|Log[4] + LOg{ c3d (drex)
1

(cd-e)e(cd+e) Vc2d>-e? 6e




80 | Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb

V1-c2x? (-ce?+c*d (4d+3ex)] 2ArcSin[cx] c® (2c?d?+e?) Log[d + e x]
- +
(-c2d?+e?)? (d+ex)? e(d+ex)’ e(-cd+e)? (cdre)?/-c2d?+e?

3 (2c?d?+e?) Logle+c2dx+V-c?d?+e? V1-c?x? ]

N
e (—chre)2 (chre)2 -c2d? +e?

b i 1 32 cV1-c?x? ArcSin[c x]
il _ _
263 (c2d?*-e?) (d+ex] e(d+ex)2
e? 4/ c?d?-e? []i e+i c?dx+y/ c2d?-e? /1-c?x?
ic3d |Log[4] + Log| S aen ]

(cdfe) e (cd+e) c2d?-e?

d Arcsinlc x] c Log[d+ex]—Log{e+c2dx+\/ -c2d?re? «/LcZXZH
P e T e .
_—4g3
et 6e3
V1-c2x? (-ce’+c*d (4d+3ex)) 2ArcSin[cx] c® (2c*d?+e?) Log[d +ex]
- +
(-c2d?+e?)? (d+ex)? e(d+ex)? e(-cd+e)? (cd+e)?/-c2d?+e?
3 (2c?d?+e?) Logle+c2dx+V-c?d2+e? V1-c?x? | 1 R
+ i (7m-2ArcSinfcx])® -
e(-cd+e)? (cd+e)®/-c?d?+e? 8 e’

x/ (cd-e) Cot[i(ﬁ+2Ar‘cSin[cx])]

| ArcTan| ] -

c2d?-e?
\/,

321 Ar‘c51n

i (—Cd+ c2d2_e2 ) e—iAr‘cSin[cx]
4 7r+4Ar‘c51n

- 2ArcSin[c x] Log[l—

] -



Mathematica 11.3 Integration Test Results for 5.1.5 Inverse sine functions.nb | 81
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Problem 113: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

f b ArcSi 2
J( +gx> (a+ rc 1n[cx]) ix

(d+ex)3

Optimal (type 4, 935 leaves, 33 steps):
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Problem 114: Attempted integration timed out after 120 seconds.
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J( +gx)* (a+bArcSinfcx]) ix

(d+ex)3

Optimal (type 4, 1678 leaves, 55 steps):
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Result (type 1, 1leaves):

222

Problem 118: Result more than twice size of optimal antiderivative.

(d+ex+fx?) (a+bAr‘cSin[cx1)2
J dx

g+hx

Optimal (type 4, 1067 leaves, 38 steps):
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+ —

2c?h h? h
2b? (fg-eh) V1-c2x? ArcSin[cx]  b2fx/1-c2x2 ArcSin[cx] b2 fArcSin[c x]2
c h? ’ 2ch ) 4c%h
iab (fg?-egh+dh?) ArcSin[cx]? b? (fg-eh) xArcSin[cx]? b2fx2ArcSin|[cx]?

— + —

h3 h? 2h
2ab (fg?-egh+dh?) ArcSin[c x] Log[l—w]

cg-+/c2g’-h?

+ +

3h3 h3

a2fx2 b2fx2 ab (4(fg-eh)-fhx)V1-c?x?

ib? (fg?-egh+dh?) ArcSin[cx]?

i ej ArcSin[c x] h

cg- [ 2 g%-h?

b? (fg2-egh+dh?) ArcSin[cx]2 Log[1 -

N
h3
2ab (fg?-egh+dh?) ArcSin[cx] Log{l—w

cg+\ c?g*-h?

N
h3
b? (fg?-egh+dh?) ArcSin[cx]? Log|[1 - ieltreiniexi b

cg+ [ 2 g2-h?

h3 *
2iab (fg2-egh+dh?) Polylog[2, Lo =th

cg/cg?h?

a? (fg?-egh+dh?) Log[g+hx]
h3 ) h? )

1 ArcSin[cx] h

2ib? (fg?-egh+dh?) ArcSin[cx] Polylog[2, **

cg-+/ 2 g>-h?

h3

i et ArcSin[c x] h

cg+/ c?g?-h?

2iab (fg2-egh+dh?) PolyLog|2,

h3
2ib? (fg?-egh+dh?) ArcSin[cx] Polylog[2, + "

cg+/c?g?-h?

h3 :
2b% (fg2-egh+dh?) Polylog[3, +*———" .

cg- [c2 g%-h?

i @iArcsinfcx] p

2b? (fg-egh+dh?) PolyLog|3, *¢

cg+/c?g?-h? ]

N
h3 h3
Result (type 4, 8787 leaves):
a’ (-fg+eh)x a2fx? (a’fg?-a’egh+a’dh?)Llog[g+hx] 1
+ +

+—abd
h2 2h h3 4 h

h (cg-h) cot[: (r+2ArcSin[cx])]
i (m-2ArcSin[c x})z—BziAr‘cSin[i} ArcTan | 4

N2 lczgz_hz
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[1+th i e-iArcsinfcx] (—cg+ /czgz_hz)
4 |7 +4ArcSin| ————] - 2ArcSin[cx] | Log|1-

3 :
1+ <8
N h
V2

] _

i e—]‘lAr‘cSin[cx] (C g+ /CZ gz _ h2 J

h

4 |7t -4 ArcSin

|+

- 2ArcSin[cx] | Log[1 +

4 (7-2ArcSinfcx]) Log[cg+chx] +8ArcSin[cx] Log[cg+chx] +

je—ﬁAr‘cSin[cx] [*Cng 'ngthz

h

81 PolyLog[Z,

] +

i e—]’lAr‘cSin[cx] [Cg+ ICZ gZ _h2 )

h

PolylLog|[2, -

} +

1 1
—2abe|+1-c?x? +cxArcSin[cx] - —cg |1 (JT—ZAr‘cSin[cx])z—
8h

ch
,1+C_hg
[T]

32 1 ArcSin

(cg-h) Cot[i (7 +2Arcsin[cx]) ]
ArcTan |

ngthz
i e—]‘lAr‘cSin[cx] [7Cg+ /cz g27r12 )

h

4 |7+ 4 ArcSin - 2ArcSin[cx] | Log[1 -

] -

i e—]’lAr‘cSin[cx] (Cg-%— ICZ g2 _h2 ]

h

4 |7t -4 ArcSin - 2ArcSin[cx] | Log[1+ |+

ti
L

4 (-2ArcSin[cx]) Log[cg+chx] +8ArcSin[cx] Log[cg+chx] +
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i e—iAr‘cSin[cx] [7cg+«’c2 gZ,hZ )

h

81 PolyLog[Z,

|+

]-le—ler‘cSin[cx] [cg+ lCZ g2_h2]

h

PolyLog[Z, -

} +

b? d —j\/—<—c2g2+h2)2 Ar‘cSin[cx]3—24J'1\/—(—c2g2+h2)2
2

3hJ—(—c2g2+h2)

1+c_g

h (cg-h) cot[: (r+2ArcSin[cx])]
ArcSin[ ————] ArcSin[c x] ArcTan]| 4 |+
V2 lczgz_hz
1+ <8
h
24 i \/ (-c? g2+h2)2 ArcSin|[ ————] ArcSin[c x]
V2

(cg-h) (Cos[iAr‘cSin[c x] | 7Sin[iAr'cSin[c X] ])

ArcTan |

|+

c2g?-h? (Cos[%Ar‘cSin[c x]] + Sin[%Ar‘cSin[c X] })

i eJ‘LAr‘cSin[cx] h
3cg+/-c?g?’+h? ArcSin[cx]? Log|1 + | -
-cg++/c?g?-h?

i e—jAr‘cSin[cx] (7cg+ﬂlc2 gZ,hZ )

h

3\/ (-c?g? +h2)2 nArcSin[cx] Log|1 -

] _

1+ %8
h

12\/_ (-c? g2+h2>2 ArcSin|[ ————] ArcSin[c x]

V2

i e—jAr‘cSin[cx] (7Cg+ ICZ gZ,hZ )

h

Log[1 -

|+
je—jAr-cSin[cx] (—cg+ ;czgz_hz)

h

i e]‘l ArcSin[c x] h
3cg+/-c?g’+h? ArcSin[cx]? Log|1 - |-
cg+~/c2g?-h?

3J— (—c2g2+h2)2 ArcSin[cx]?Log[1 -

] -
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i e—jAr‘cSin[cx] (Cng [ c2 g27h2 )

h

3\/<c2g2+h2)2 7 ArcSin[cx] Log|[1 +

|+

1+£&
h

12\/ (-c? g2+h2>2 ArcSin|[ ———] ArcSin[c x]
V2

i e—jAr‘cSin[cx] (cg+ /cz gz _ h2 )

h

Log[1 +

]+
Jj_(eﬂ'lArcSin[cx] (cg+ /cz gz_hz )

h

1 ArcSin[c x] h
3icga/c?g?-h? ArcSin[cx]?Log|1+ < |+
icg-+/-c?2g?+h?

i ArcSin[c x] h

] .

3J— (-c*g? +h2)2 ArcSin[cx]? Log[1 +

(]

icg-+/-c?g?+h?

1 ArcSin[c x] h
3icga/c?g?-h?* ArcSin[cx]?Log|1 + c |+
icg++-c?2g?+h?

ei ArcSin[c x] h

3\/—(—c2g2+h2)2 ArcSin[cx]?Log[1 + |+
icg+q/-c?g?+h?
(cg— czgz—hzj(cx+j\/1—c2x2)

h

|+

3J— (—c2g2+h2)2 ArcSin[cx]? Log[1 +

3\/— (—c2g2+h2)2 mArcSin[cx] Log[1+

|+

1+ B
h

12J (7c2 g2+h2>2 Ar‘cSin[i] ArcSin[c x]

N2
[cg—x/czgz—hz] (cx+im)

h

Log[1+

]_

(cx+1’1\/1—c2x2)

—

|+

3J (-c?g? +h2)2 ArcSin[cx]? Log[1 +

>

[cg+«/c2g27h2] (cx+jm)

h

} _

3\/<czg2+h2)2 nArcSin[cx] Log|[1 +

1+£&
h

12\/ (-c? g2+h2>2 ArcSin|[ ————] ArcSin[c x]
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[cg+xlc2g2—h2] (cx+1’1\/1—c2x2)

h

Log[1 +

]_
[cg+x/c2g2—h2] (cx+jm)

h

] _

3J— (—c2g2+h2)2 ArcSin[cx]? Log[1 +

jeiAr‘cSin[cx] h
6icg-/-c?g’+h?® ArcSin[cx] PolyLog|2, |+
cg-+Jctg?-h?
]

i ei ArcSin[c x] h

]_
cg++/c?2g?-h?

eiArcSin[c x] h
6 cg/c?g?-h? ArcSin[cx] PolyLog|2, ] -

—icg+/-c?g?+h?

i ArcSin[c x] h

6icgy/-c’g’+h® ArcSin[cx] Polylog|2,

e

~icg+~/-c?g?+h?

1 ArcSin[c x] h ]

6]'1\/ (-c? g2+h2)2 ArcSin[cx] Polylog|2,

] +

(]

icg++/-c?2g?+h?

e]’lAr‘cSin[c x] h
6i |- (-¢? g2+h2)2 ArcSin[cx] Polylog|2, - |+

icg++-c?2g?+h?
v 1 ArcSin[cx] h
6cg-/-c?g?+h? PolylLog|3, L | -
cg- lczgz_hz

jeiAPCSin[CX] h
6cg-/-c?g?+h? PolylLog|3, |-
cg++/c?g?-h?
e]‘lAr‘cSin[cx] h
6icg-/c?g?-h? PolyLog|3, ]+
~icg++/-c2g?+h?

i ArcSin[c x] h

6cgn/c?g?-h? ArcSin[cx] PolyLog[2, -

e

~icg+y-c2g?+h?

i ArcSin[c x] h
6icg+/c?g?-h? PolyLog|[3, - c |+
icg++/-c?g?+h?

GJ— (-c?g?+ h2)2 PolyLog|3,

|+

e]’l ArcSin[c x] h

icg++/-c?2g?+h?

6J—(—c2g2+h2)2 PolyLog|3, -

1+
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1b2 2+/1-c2x? ArcSin[cx] X (-2+ArcSin[cx]?)
—b%e + -
C h h

1

cg —i\/—(—c2g2+h2)2 Ar‘cSin[cx13—24j1\/—(—c2g2+h2)2

3h2J— (—c2g2+h2>2

1+C_§

h (cg-h) cot[: (r+2ArcSin[cx])]
ArcSin|[ ————] ArcSin[c x] ArcTan| 4 |+
V2 [c2g2_h2
1+ <8
h
24 i \/— (-c? g2+h2>2 ArcSin[ ————] ArcSin[c x]
V2

(cg-h) (Cos[iAr‘cSin[c x] | —Sin[iAr‘cSin[c X] ])

ArcTan |

] +

1 . . 1 .
c2g?-h? (Cos[;Ar‘csln[cx]] +Sln[;Ar‘c51n[c x]})
]-]_eler‘cSin[cx] h )
3cgy/-c?g®+h? ArcSin[cx]? Log[1+ | -3, /- (-c2g>+hn?)
-cg++/c?g?-h?
i e—jAr‘cSin[cx] (7Cg+ 'CZ g27*12 )
h

1+%i i @ iArcsin[cx] [—cg+ /cznghz)

ArcSin| —— | ArcSin[c x] Log|1 -
V2 h

i e—]’lArcSin[cx] (_Cg"'m)

h

i e]’l ArcSin[c x] h )
3cg+/-c?g?’+h? ArcSin[cx]? Log|1 - |-3./-(-c2g®+n?)* n

cg+c?g?-h?

i efjAr‘cSin[cx] [cg+ ICZ gz _h2 ]

h

nArcSin[cx] Log[1 -

]—12\/—(—c2g2+h2)2

] +

3\/ (-c*g?+ h2)2 ArcSin[cx]? Log[1 -

] _

}+12\/—(—c2g2+h2)2

ArcSinfcx] Log|1 +

[:|.+c—hg i @-1Arcsin[cx] [cg+ &ngthz]

ArcSin[ ————] ArcSin[c x] Log|[1+

V2 h

|+
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i e—]‘lAr‘cSin[cx] (C g+ ICZ gz _ hZ J

h

1 ArcSin[cx] h
3icga/c?g?-h? ArcSin[cx]?Log|1 + < |+
icg-+/-c?2g?+h?

i ArcSin[cx] h

3\/—(—c2g2+h2)2 ArcSin[cx]? Log[1 + c |+

icg-+/-c?2g?+h?

i ArcSin[c x] h
3icgq/c?g®-h* ArcSin[cx]?Log|1+ c |+
icg++-c?2g?+h?

1 ArcSin[cx] h

3\/— (-2 g+ hz)Z ArcSin[cx]?Log[1 +

] -

e

icg+q/-c?2g?+h?
(cg—x/czgz—hz) (cx+1‘1 1—c2x2)

h

1*% (Cg—\/CZgz—hzj(CX-%—]im)

ArcSin| — | ArcSin[c x] Log|1 +
vz h

[cg— czgz—hzj (cx+1’1\/1—c2x2)

]+3\/—<—c2g2+h2)2ﬁ

SJ— (—czgz+h2)2 ArcSin[cx]? Log[1 +

ArcSin[c x] Log [1 +

}+12\/(c2g2+h2)2

} _

|+

3\/— (-2 g+ h2)2 ArcSin[cx]? Log[1 +

h
(cg+«/c2g2—h2] (cx+1’1\/1—c2x2)
3J(c2g2+h2)2 sArcSin[c x] Log[lJr N }*
1+ %8
h
12\/_(_c2g2+h2)2 ArcSin[ ————] ArcSin[c x]
V2

[cg+x/c2g27h2] (cx+1‘1\/17c2x2)

h

Log[1 +

}_
(cg+ czgz—hzj (cx+1‘1\/1—c2x2)

} _

3\/— (—c2g2+h2)2 ArcSin[cx]?Log[1 +
]-lejLAr‘cSin[cx] h
6icg-/-c?g’+h?* ArcSin[cx] PolyLog|2, |+
cg-+/c2g?-h
[cx]

]-lejLAr‘cSin[cx] h
6icg-/-c?g’+h?* ArcSin[cx] PolyLog|2, |-
cg+~/c2g?-h?

=y
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eiAr‘cSin[cx] h
6 cg+/c?g?-h? ArcSin[cx] Polylog|2, ] -
~icg+q/-c2g?+h?

GjJ (-c?g?+h?)? ArcSin[cx] Polylog[2,

ei ArcSin[c x] h

|+
~icg+y-c?g+h?

1 ArcSin[c x] h
6cgn/c?g?-h? ArcSin[cx] PolyLog[2, - c ] -
icg+q/-c?2g?+h?

e]i ArcSin[c x] h

|+
icg++-c?2g?+h?

i eJiAr‘cSin[c x] h
6cg-/-c?g?+h? PolylLog|3, | -6cgr/-c?g?+h?
cg- /czgz_hz

- 1 ArcSin[cx] h i ArcSin[c x] h
PolyLog|3, e | -61icgy/c?g?-h? Polylog|3, c |+

cg+nc?g?-h? —icg+/-c2g?+h?

i ArcSin[c x] h
6\/—(—c2g2+h2)2 Polylog|3, = | +6icgn/c?g?-h? Polylog|
~icg+y-c2g?+h?

61 J— (-c®g?+ hz)2 ArcSin[cx] PolyLog|[2, -

(Ej ArcSin[c x] h e]‘lAr‘cSin[c X] h
3, - ] +6\/—(—c2g2+h2)2 PolyLog|[3, - 1+

icg+q/-c?2g?+h? icg+q/-c?2g?+h?

, 3ab-F ic?g?nm®-8cgha/1-c*x?> -41ic?g?>nArcSin[cx] -
4ch

8c?ghxArcSin[cx] +4 1 c?g?ArcSin[cx]?-

1+ 58 1
h (cg-h) Cot[7<ﬂ+2ArcSin[cx])]
321 c? g? ArcSin[ ————] ArcTan| 4

V2 /czgz_hz
2hZ ArcSin[c x] Cos[2 ArcSin[c x]] -
]'le—J‘LAr‘cSin[cx] (7cg+ /c2 g27}.]2)

h

1+ . i @-1Arcsin[cx] (—cg+ aczgz_hzj

16 c? g2 ArcSin[ ———] Log[1 -
5 h

] _

4c’g’rlog|l-

] -

|+
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]-l(efiAr‘cSin[cx] (7Cg+ ¢C2 g27*12 ]

8 c?g? ArcSin[cx] Log[1 -

} _

h
]-le—ilAr'cSin[cx] [cg+ ICZ nghz]
4c*g’rnlog|l+ ]+
h
[1+% j @-iArcsin[cx] (cg+ [ 2 gz_hz )
16 ¢ g? ArcSin[ ————] Log[1 + |+

ﬁ h

J-le—iAr‘cSin[cx] (cg+ 'CZ gz_hz)

h

8 c? g?ArcSin[cx] Log[1 +

|+
]-l(e—i/-\r'csin[cx] (—cg+ /cz gz_hz)

h

4c’g’rloglcg+chx] +8ic?g?Polylog|2,

|+
]-l(efiArcSin[cx] [cg+ ICZ gz_hzj

h

8i c?g?Polylog|2, - | +h?2sin[2ArcSin[cx]] | +

ibz-F 2cgV1-c2x? ArcSin[cx] c?gx (-2+ArcSin[cx]?)
CZ - h?2 - h?2 N

(-1+2ArcSin[cx]?) Cos[2ArcSin[cx]]
8h

+

c?g? —jJ—(—c2g2+h2)2 Ar‘CSin[CX]3—24i\/—<—C2g2+h2)2

h (cg-h) Cot[ (n+2ArcSin[cx]) ]
ArcSin| —— | ArcSin[c x] ArcTan 2
[ ] [

2 /C2g27h2

} +

1+ <8
h

241 \/— (- g2+h2>2 ArcSin|[ ————] ArcSin[c x]

V2

(cg-h) (Cos[%Ar‘cSin[c x] | —Sin[iArcSin[c X] ])

Ar‘cTan[

|+

c2g?-h? (Cos[iAr‘cSin[c x]] +Sin[iAr‘cSin[c x] })
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i e]i ArcSin[c x] h 5
3cg+/-c*g?+h? ArcSin[cx]? Log|1 + ]-3./-(-c2g*+h?)
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h
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vz "
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h

nArcSin[cx] Log|1 -

|+
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}+12\/(c2g2+h2)2
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1+ . i @-1Arcsin[cx] [cg+ lczgz_hz]

ArcSin| — | ArcSin[c x] Log|1 +
vz h

i e—]‘lAr‘cSin[cx] (C g+ ICZ gz _ h2 J

h

1 ArcSin[cx] h
3icgq/c?g?-h? ArcSin[cx]?Log|1 + < |+
icg-+/-c?2g?+h?

ei ArcSin[cx] h

3\/—(—c2g2+h2)2 ArcSin[cx]? Log[1 + |+

icg-+/-c?2g?+h?
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3icga/c?g’-h* ArcSin[cx]?Log|1 + c |+
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1 ArcSin[c x] h
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3\/— (-2 g+ hz)Z ArcSin[cx]?Log[1 +

e

icg+q/-c?2g?+h?

(cg— czgz—hz) (cx+1‘1 1—c2x2)

SJ— (—czgz+h2)2 ArcSin[cx]? Log[1 +

]+3\/—<—c2g2+h2)2ﬁ

ArcSin[cx] Log|[1 + ] +12\/ (—c2g2+h2)2

h

[1+5E (cg—«/czgz—hzj(cx+1’1\/1—c2x2)
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(cg— czgz—hzj (cx+1‘1\/1—c2x2)

3\/— (-2 g+ hz)Z ArcSin[cx]?Log[1 +

|+

h
[cg+x/c2g2—h2] (cx+1’1\/1—c2x2)
3J(c2g2+h2)2 nArcSinfcx] Log|[1 + " | -
1+ <8
h
12\/—(—c2g2+h2)2 ArcSin|[ ————]| ArcSin[c x]
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(cg+ czgz—hzj (cx+1‘1\/1—c2x2)

h

Log[1+

}_
(cg+ czgz—hzj (cx+1‘1\/17c2x2)

h
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3\/— (-c?g2+h?)? ArcSin[cx]2Log[1+
]'LeiAr‘cSin[cx] h
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[cX]
i eJ‘LAr‘cSin[cx] h
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e
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e
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: ]
icg+q/-c?2g?+h?
e]‘lAr‘cSin[cx] h
|+
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]-]_eler‘cSin[cx] h
6cg/-c?g*+h? PolylLog|3, | -6cgr/-c?g?+h?
cg- /czgz_hz
+ 1 ArcSin[cx] h i ArcSin[c x] h
PolyLog|3, e | -61icgy/c?g?-h? Polylog|3, c |+
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e
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elArcsinfcx] p ] ArcSin[c x] Sin[2 ArcSin[c x]]
+
icg++-c?2g?+h? 4h

PolylLog|[3, -

Problem 119: Unable to integrate problem.

2

(d+ex+fx?) (a+bArcSin[cx])
J dx

(g+hx)2

Optimal (type 4, 1323 leaves, 45 steps):
a2fx 2b2fx a’ (ng_egh+dh2> 2abf/1-c2x2  2abfxArcSin[cx]
oon n(gehx) c h? ' h?
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+

iab (2fg-eh) ArcSin[cx]? b2 fxArcSin[cx]2 b? (fg?-egh+dh?) ArcSin[cx]?
+ - +

h h? h* (g +hx)

2gx

2abc (fg2-egh+dh?) ArcTan| hre ]
[c2g2-n? [1-c2x2

ib? (2fg-eh) ArcSin[cx]?

+

3
3h h3 [c2g2_h2

i @iArcsinfcx] p

2ab (2fg-eh) ArcSin[cx] Log[1- +=

cg/c2gi-h?

h3 -
2ib2c (fg2-egh+dh?) ArcSin[cx] Log[1- 2e=0h

cg- [c2 g2-h?

h3 C2 g2 _ hZ

- rei ArcSin[cx] h

b (2fg-eh) ArcSin[cx]? Log[1- *

cg- [ c2 g2-h?

h3
2ab (2fg-eh) ArcSin[cx] Log[l—w

c g+ c?g?-h?

+

h3

i enAr‘cSin[cx} h

cg/c?g?-h?

2ib?c (fg?-egh+dh?) ArcSin[cx] Log[1 -

b2 (2-Fg—eh) Ar‘cSin[cX]zLog[1* ieZHh
cgn[agn  a(2fg-eh) Log[g+hx]

- +

h3 h3
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. enAr‘cSin[cx] h } ejAr‘cSin[c Xl h

2iab (2fg-eh) PolylLog|2, + 2b2c (fg2-egh+dh?) Polylog[2, t&——"
| | > e | Han) N

- +

h3 C2 g2 _ h2

h3

et ArcSin[cx] h

2ib? (2fg-eh) ArcSin[cx] Polylog[2, *

cg- [c2 g2-h?

h3 ’
2iab (2fg-eh) PolylLog|2 delh 2b2c (fg2-egh+dh?) PolylLog[2, t&——N
( > [ ’ cg+/c?g?-h? ( ) [ ’ cg+/ c?g’-h?

+ +

3
: o fag m

i @iArcsinicx] p

2ib? (2fg-eh) ArcSin[cx] Polylog[2, *=

cgc?g?-h?

e]‘: ArcSin[cx] h

h3 )

; enAr‘cSln[ch h

2b2 (2fg-eh) PolyLog|3, & 2b%2 (2fg-eh) PolylLog[3, +t&——N
( ) [ cg-/c?g’-h? ( > [ cg+\/ c?g?-h?

h3 h3

enArcSln{ch h

Result (type 8, 30leaves):

(d+ex+fx?) (a+bAr‘cSin[cx})2
J dx

(g+hX)2

Problem 120: Unable to integrate problem.

J(e-F+2dhx+ehx2) (a+bAr‘cSin[cx])2 :
X

(d+ex)2

Optimal (type 4, 520 leaves, 20 steps):

2b’hx 2abh+1-c2x> 2b2h+1-c?x? ArcSin[cx] hx(a+bAr'cSin[cx})2
- + + + -
e ce ce e
2 . 2abc (e2f-d?h) ArcTan| ——e€dx
(ffdezh) (a+bArcSin[cx])? ( ) [ e 1—c2x2}
. Y ! _
d+ex e2+/c2d? _ e?

ieel ArcSin[cx]

cd-/ c?d?-e?

2ib’c (e2f-d?h) ArcSin[cx] Log[1-

+

e2+/c2d? _ e?

2ib’c (e2f-d?h) ArcSin[cx] Log[1-

ieel ArcSin[cx]

cd+/ c? d?-e?

e2+/c2d? _ e?

eiArcSJn[c x] ] enAr‘cSmchJ

2b%c (e2f-d?h) Polylog|2, ** 2b%c (e2f-d?h) Polylog[2, *¢

cd-+/ c? d?-e? cdir] 2 d2_e?

+

e2+/c2d? - e? e2+/c2d?-e?
Result (type 8, 35leaves):
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J(ef+2dhx+ehx2) (aerAr‘cSin[cx])2 4
X

(d+ex)2

Problem 121: Unable to integrate problem.

ef+2dhx+ehx?)? (a+bArcSin[cx])?
J a
X

<d+ex)2

Optimal (type 4, 920 leaves, 32 steps):
4b2h2x 2b%h (2e?f-d?’h)x p2dh2x? 2

- —b%2hZx3+
9c? e? 2e 27
abh (4e*h+c? (36e2f-25d°h)) Vi-c2x* s5abdh? (d+ex)m+
9c3e? 9 ce?
2abh? (d+ex)2 1-c2x? _abd (2c2d?+3e?) h? ArcSin[c x] +4b2h2mAr‘cSin[cx] .
9ce? 3c2ed 9c3

2b%h (2e?f-d?h) V1-c?x? ArcSin[cx] b2dh2x+/1-c?x? ArcSin[cx]
.

+
ce? ce

2b%2h2x2+/1-c?x? ArcSin[cx] b2d®h%?ArcSin[cx]? b%2dh?ArcSin[cx]?

+

Ic 3e3 2c2e
2h (e?f-d*h) x (a+bArcSin[cx])? (e?f-d>h)? (a+bArcSin[cx])?
e’ e (d+ex)
3 , 2abc (e2f-d?h)?ArcTan| —=cdx
" {drex)” a-bArcsiniex]) Jee Jiow
- —
>e RNE
2ib?c (e2f-d?h)?ArcSin[cx] Log[l_w
cd/cde?
.
RNEr s
2ib?c (e2f-d?h)?ArcSin[cx] Log[l_w
cdifctdie?
RNEr =y
2b2c (ezf_dzh)zPolyLog[Z, w} 2b2 ¢ (ez_F_dzh)zPOlyLog[Z, Geeiresinicx)
cd/ctde? N
i
@ Vetd-et RN

Result (type 8, 37 leaves):

J(ef+2dhx+ehx2)2 (a+bAr‘cSin[cx])2dl
X

(d+ex)2
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Problem 135: Result more than twice size of optimal antiderivative.

ArcSin[a +bx]?
J dx

X

Optimal (type 4, 271 leaves, 11 steps):

1 eJ'lAr‘cSin[a+b><]
-~ iArcSinfa+bx]?+ArcSin[a+bx]?Llog[l- —————| +
3 ia-+/1-a?

i ArcSin[a+b x] i ArcSin[a+b x]

ArcSin[a+bx]?Log[1 - ei] - 21 ArcSin[a+bx] PolyLog|2, e4] -
ia+V1-a? ia-v1-a2
e]‘lAr‘cSin[a+bx]
21 ArcSin[a + b x] PolyLog[Z, 7} +
ia+\/1-a?
e]’lAr‘cSin[a+bx] ejAr‘cSin[a+bx]
2Polylog[3, ———— ] +2Polylog[3, ————
ia-+V1-a? ia+/1-a?

Result (type 4, 1014 leaves):
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1 ) 5
- —1ArcSin[a+bx]° +

3
13 (1+a) Cot[% (m+2ArcSin[a+bx])]

8 i ArcSin| | ArcSin[a+bx] ArcTan| 4 |-
V2 V-1+a?2
1-a

8 i ArcSin| | ArcSina + b x]

%

(1+a) (Cos[%Ar‘cSin[aerx}] —Sin[%Ar‘cSin[aerx}])
ArcTan | | -
\V-1+2a2 (Cos[%Ar‘cSin[a+bx}] +Sin[%Ar‘cSin[a+bx}])

mArcSinfa+bx] Log[1+1 (—a+x/—1+a2
Vi-a
| Arcsin[a+bx] Log[1+1i [—a+x/—1+a2

ArcSin[a+bx]?Log[1+i [—a+x/—1+a2
nArcSinfa+bx] Log[1- i [aerlflJra2

-a
| ArcSinfa +bx] Log[1- i [a+x/—1+a2
ArcSinfa+bx]?Log[1-i [a+x/—1+a2

1 ArcSin[a+b x]

e

-1 ArcSin[a+b x] ] i

[y

4 ArcSin|

e—]’l ArcSin[a+b x] ]

+

%

e—]’l ArcSin[a+b x] ] _

et ArcSin[a+b x] } _

=

4 ArcSin [ -i ArcSin[a+b x] }

(S +

%

(]

-1 ArcSin[a+b x] ] 4

e]‘lAr‘cSin[a+bx]
| +Arcsinfa+bx]?Log[l- ———| +

—1a+V1-2a? ia+V1-a?

nArcSin[a+bx]Log[1+(a+ —1+a2J(—a—bx—Jl 1—(a+bx)2)]+

. 2 e
ArcSin[a + b x] Log[l +

4 ArcSin| 1-a | ArcSinfa+bx] Log[1+(a+x/—1+a2J (—a—bx—i 1—(a+bx)2]]—

%

ArcSin[a+bx]?Log[1+ (a+ -1+ a?

mArcSinfa+bx] Log[1 + (—a+«/—1+a2) (a+bx+i 1- (a+bx)2 )] -

4 ArcSin| 1-a | Arcsin[a +bx] Log[1+(—a+x/—1+a2) (a+bx+1’1 1—(a+bx)2]]_
V2

ArcSin[a+bx]?Log[1+

—

(—a—bx—i 1—(a+bx)2]]+

—a+ —1+a2) [a+bx+1’1 1—(a+bx)2]]—

i ArcSin[a+b x] e]i ArcSin[a+b x]

| -21iArcSin[a+bx] PolyLog[2, —————] +

—ia+V1-a? ia+/1-a?

2i ArcSin[a+bx] Polylog|2, - =

i ArcSin[a+b x] i ArcSin[a+b x]

0

e

2 Polylog|3, - | +2PolyLog|3,

—ia++V1-a? ia+V1-a?
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Problem 136: Result more than twice size of optimal antiderivative.

ArcSin[a +bx]?
J dx

X2

Optimal (type 4, 230leaves, 11 steps):

el Arcsin[a+b x| }

ia-+/1-a%

- +
X “/1732

el Arcsin[a+bx] }

2bArcSin[a+bx] Log[l—

ArcSin[a +bx]?

eiArcsin[a+bx] ] el Arcsin[a+tb x| }

2bArcSin[a+bx] Log[1 - 2i bPolylog|2, 2i bPolylog|2,

ia+q/ 1-a2 ia--/1-a2 ia+/ 1-a2

Vi-a? Vi-a? Vi-a?
Result (type 4, 789 leaves):
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1-aTan { i—Ar‘cSin [a+b x] ] ]

2brArcTan |

ArcSin[a +bx]? A ~1+a?

+ +
X -1+a?
1 1+a) Cot|[* (7T+2Ar‘cSin[a+bx])]
2b |-2ArcCos[a] ArcTanh| 4 ] -
~1+a) Tan[1 (r+2ArcSin[a+bx]) ]
(m-2ArcSin[a+bx]) ArcTanh| 4 |+
V1 - a?
(1+a) Cot[+ (r+2ArcSin[a+bx]) |
ArcCos[a] - 21 [ArcTanh| 4 | +ArcTanh|
V1-a?
(-1+a) Tan[i— (n+2Ar‘cSin[a+bx]H e [4/—1_a2 bt (r-2Arcsin(a-bx]) |
og +
V1-a? V2 Vbx
(1+a) Cot |2 (71+2Ar‘cSin[a+bx])]
ArcCos[a] +21’1Ar‘cTanh[ 4 ]+2]‘1ArcTanh[
V1-a?
(-1+a) Tan[i (m+2Arcsinfa+bx]) ] ] [ (i_ i) Wei“msma*bx] |
Log -
V1-a? Vb x
(1+a) Cot[ (r+2ArcSinfa+bx])]
ArcCos[a] - 2 i ArcTanh| 4 ]
V1-a?
Log (( 1+a (1+1a+ ) [—J'1+C0’c[l <7T+2Ar‘cSin[a+bx]HJ]/
4

( _a+\/7Cot 7r+2Ar‘cSin[a+bX})])]]—

(1+a) Cot[i(ﬂ+2Ar‘cSin[a+bx])]

=)

Log[—([(—1+a> {—i—ja+\/ﬁ) (i+Cot[i (n+2Ar‘cSin[a+bx]HJ]/
(1—a+ﬁ€ot[i(7r+2Ar‘cSin[a+bx})])]]+

-Polylog |2, ((a—iwll—az) [—1+a+\/1—a2 Cot[i (n+2Ar‘cSin[a+bx]HJ]/
{1—a+ﬁ€ot[4l(7T+2Ar‘cSin[a+bx])]]]+

Polylog|2, ((aui\/ﬁ) [—1+a+\/ﬁCot[i (n+2Ar‘cSin[a+bx}H)]/

(1—a+\/?C0t[i (7r+2Ar‘cSin[a+bX}>])}]

ArcCos[a] +2 i ArcTanh|

i
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Problem 137: Result more than twice size of optimal antiderivative.

ArcSin[a +bx]?
J dx

x3

Optimal (type 4, 272 leaves, 14 steps):

b\/1- (a+bx)? ArcSin[a+bXx] ArcSin[a+bx]2

(1—a2)x 2 x2

i el Arcsinfa+bx] ]

a-+/ -1+a?

i iArcsin[asbx] ]

a+/ -1+a?

iab?ArcSin[a+bx] Log[1+ iab?ArcSin[a+bx] Log[1+

(-1+a2)%? (-1+a2)32

i @iArcsin[a+bx] ]

ab?pPolyLog[2, - * j giAncsinfarbx]

ab? PolyLog[Z, -4
b? Log [x] a-/ -1+a? as/ ~1+a2

1-a? (—1+a2)3/2 (—1+a2>3/2

Result (type 4, 859 leaves):

by/1- (a+bx)? ArcSin[a+bx] ArcSin[a+bx]2

+

(-1+a) (1+a)x 2 x2
ArcTan [ 1-a TanH—Ar‘cSin[am x]} ]
b
b? Log [~ °* ] S NEw )
1-a2 -1+a? N
1 (1+a) Cot[+ (7 +2ArcSin[a+bx]) |
———— |-2ArcCos[a] ArcTanh| 4 | -
V1-a? \1-a?
-1+a) Tan[2 (m+2ArcSin[a+bx]) |
(7m-2ArcSin[a+bx]) ArcTanh| 4 |+
Vi-a?
(1+a) Cot[+ (r+2ArcSin[a+bx]) |
ArcCos[a] - 21 [ArcTanh| 4 |+
J1-a?
-1+a) Tan[; (m+2ArcSin[a+bx]) |
ArcTanh | 4 ]
V1-a?
(_1>1/4 1_a2 e%jArcSin[amx]
Log| | + |ArcCos[a] +
A2 /bx
(1+a) Cot[i (m+2Arcsinfa+bx]) ]

2 i ArcTanh| | +2 1 ArcTanh|

1- a2
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(-1+a) Tan[i (7 +2Arcsinfa+bx])] | [(i— i) \1- a2 ei“"Si”[a*bx]}
Log -
V1-a? Vb x
(1+a) Cot[% (7+2ArcSin[a+bx])]
ArcCos[a] - 2 i ArcTanh| 4
Vi-a?
Log|- [( -1+a) (1+1a+ 2](—J‘L+Cot[l(7r+2Ar‘cSin[a+bx})])J/
4

[ _a+\/7Cot 7r+2Ar‘cSin[a+bX])]])}—

(1+a)Cot[i(JT+2Ar‘cSin[a+bx}H

)

Log[-[((—1+a) (—i—ia+m) {1’1+Cot{i (zr+2Ar‘cSin[a+be)])J/
[1—a+ﬁ€ot[4l(7r+2Ar‘cSin[a+bx])] )}+

-Polylog|2, [(a—iﬂl—az] (—1+a+x/1—a2 Cot[i (7r+2Ar‘cSin[a+be)])]/
(1—a+\/ﬁCot[i(7r+2Ar‘cSin[a+bx}H)}+

Polylog|2, ((aﬂix/l—az] (—1+a+w/1—a2 Co‘c[l (7r+2Ar‘cSin[a+bx])]])/
4

ArcCos[a] +2 i ArcTanh|

i

[1_a+\/ﬁCot[41 (7r+2Ar‘cSin[a+bX])]]]]

Problem 141: Unable to integrate problem.

ArcSin[a+bx]3
J dx

X

Optimal (type 4, 365 leaves, 13 steps):

1 e]‘l ArcSin[a+b x]
-~ iArcSinfa+bx]*+ArcSinfa+bx]®Log[l- ————| +
4 ia-+V1-a?
eJ‘L ArcSin[a+b x] ej ArcSin[a+b x]
ArcSinf[a+bx]®Log[1- ——————] -3iArcSin[a+bx]?Polylog[2, ————| -
ia+/1-a? ia-V1-a2
ej ArcSin[a+b x]
3 i ArcSin[a+bx]?Polylog[2, ————| +
ia+V1-a?
(e]i ArcSin[a+b x] e]‘lAr‘cSin[amx]
6 ArcSin[a+bx] Polylog[3, ——————] +6ArcSin[a+bx] PolyLog[3, ————— | +
ia-vV1-a2 ia+V1-a2
ei ArcSin[a+b x] eJ‘L ArcSin[a+b x]
6 i PolyLog|[4, | +61iPolylog[4, ——|

ia-+/1-a? ia+V1-a?
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Result (type 8, 14 leaves):

ArcSin[a+bx]3
J dx

X

Problem 142: Unable to integrate problem.

ArcSin[a+bx]3
J dx

x2

Optimal (type 4, 316 leaves, 13 steps):

31ibArcSin[a+bx]? Log[lJr iettresinfarox]
a-+/ -1+a?
. _

X V-1+a2

i giArcsin[a+bx] ]

31'1bAr‘cSin[a+bx]2Log[1+ 1

ArcSin[a+bx]3

i el Arcsin[a+tbx]

6 bArcSin[a +bx] PolyLog[Z, -4

]

a+y/ -1+a? a-+/ -1+a?
+
V-1+a? V-1+a2
. i @iArcsin|asbx|
6 bArcSin[a +bx] PolyLog|2 | Loty
[ ’ a+/ -1+a? ]
4
-1+ a?
i i @iArcsin|a+bx] . i @iArcsin[a+bx|
6 1 bPolyLog|3 _letfremEnr 61bPolylLog|3, - +5——
[ ’ a-+/ -1+a? ] [ ’ a+/ -1+a? }
V-1+a? V-1+a?

Result (type 8, 14 leaves):

dx

JAr‘cSin [a+bx]3
2

X

Problem 173: Unable to integrate problem.

sz (a+bArcsinfc+dx])"dx

Optimal (type 4, 611 leaves, 22 steps):
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1 i ) N o
-——ie» (a+bArcSin[c+dx])" |-
8d3

i (a+bArcSin[c+dx])
b

1 ia
ic?e v (a+bArcSin[c+dx])"

i (a+bArcSin[c+dx])

]

Gamma[1+n, -

b 2
i (a+bArcSin[c+dx]) )" i (a+bArcSin[c+dx]) 1
- J Gamma[1+n, - ]+
b b 8 d3
b ArcSi d " ' b ArcSi d
ieb(a+bAr‘cSin[c+dx1)”[l(a+ rcbln[c+ x1) Gamma[1+n,l(a+ r‘cbln[c+ X])]+
ia b ArcSi d -n
! J'1c2<eb(a+bAr‘cSin[c+dx])”[l<a+ resinic +dx))
2d3 b
i b ArcSi d ia
Gamma |1 +n, i (a+bArcSin[c+dx]) |+ %2’2’”ce’2T (a+bArcSinfc+dx])"
b d
i (a+bArcSin[c+dx]) )™ 2i (a+bArcSin[c+dx])
- Gamma[1+n, - |+
b b
ia b ArcSi d -n
i2’2’“c<e2T (a+bAr‘cSin[c+dx])”[]l(aJr resinic+dx])
d? b
2i (a+bArcSinf[c+dx]) 1
Gamma[1+n, ]+
b 8d3
ia i b ArcSi d -n
i3 lne (a+bArcsinfc+dx])" [ ifar Pcbln[c+ x1) )

31‘1(a+bAr‘cSin[c+dx1)] 1

b 8d3

" 3i (a+bArcSinfc+dx])
Gamma [1+n,
b

3ia
i3*"e® (a+bArcSin[c+dx])"

Gamma[1+n, -

i (a+bArcSin[c+dx])
b

]

Result (type 8, 18leaves):

JXZ (a+bArcSinfc+dx])"dx

Problem 205: Result more than twice size of optimal antiderivative.

J(a+bAr'cSin[c+dx])3
dx

(ce+dex)4

Optimal (type 4, 291 leaves, 16 steps):
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b? (a+bArcSin[c+dx]) b+/1-(c+dx)? (a+bArcSin[c+dx])?

de* (c+dx) 2de“(c+dx)2

(a+bArcSinfc+dx]) > p (a+bArcsin[c+dx] )2 ArcTanh [l Arcsinic dx] |

3de“(c+dx)3 de?

b®ArcTanh[/1- (c+dx)® ] ib? (a+bArcSin[c+dx]) PolyLog[2, —e!Aresinicidx] ]

+ —

de de*
ib? (a+bArcSin[c+dx]) PolylLog|2, e!Arcsinictdx] |
de? )
b3 PolyLog [3’ _ @iArcsinfc+dx] } b3 PolylLog [3, el Arcsinfctdx] ]
de* : det

Result (type 4, 732leaves):
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a3 a?bv1-c2-2cdx-d?x?
3de* (c+dx)’ 2de* (c+dx)?
a’?bArcSin[c+dx] a’blog[c+dx] a’blog[l++V1-c?-2cdx-d?x? |
+ - +
de* (c+dx)? 2de* 2det
1 2 | g i ArcSin[c+d 1 : 2
ab? |81 Polylog[2, —e*Aresiniedxl ] - =3 (2. 4ArcSin[c+dx]? -
8de* (C+dX>3

2Cos[2ArcSin[c+dx]] -3 (c+dx) ArcSin[c+dx] Log[1-e!Aresinlerdx] 13 (c+dx)
ArcSin[c +dx] Log |1+ el Aresinicrdxi] 45 (c +dx)3 PolylLog[2, e'Aresinlerdx]]
2ArcSin[c+dx] Sin[2ArcSin[c+dx]] +ArcSin[c+dx] Log[1 - el Aresinlerdx] ] gin|

3Arcsin[c+dx]] -ArcSin[c+dx] Log[1+etAresinicrdx]] Sin[3Ar‘cSin[c+dx}]) N

1
48 d e*

1 1
b® |- 24 ArcSin[c +dx] Cot[ =~ ArcSin[c+dx] | -4ArcSin[c+dx]3Cot[ = ArcSin[c+dx] ] -
2 2

. 2 1 . 2
6 ArcSin[c+dx]?Csc|[~ArcSin[c+dx] | -
2

(c+dx) Ar‘cSin[c+dx]3Csc[§Ar'cSin[c+dx]]4+

24 ArcSin[c+dx]? Log|[1 - el Aresinterdxl] 24 ApcSin[c +d x]? Log[1 + et Aresinterdx]]
48 Log|[Tan| % ArcSin[c+dx]|] +48 i ArcSin[c +dx] Polylog|[2, -etAresinlerdx | _
48 i ArcSin[c +d x] PolylLog|2, el Aresinlerdx]] _ 48 polylog|3, -elArcsinlerdx]]

. . 1 2
48 Polylog|[3, etAresinierdx ], 6 ArcSin[c +d x]? Sec| ~ ArcSin[c+dx] ]| -
2

16 ArcSin[c +dx]3 Sin[%Ar‘cSin[c +dx] ]4

<C+dx)3

1 1
24 ArcSin[c+dx] Tan|[ = ArcSin[c+dx] | -4ArcSin[c+dx]* Tan| = ArcSin[c +dx] |
2 2

Problem 210: Result more than twice size of optimal antiderivative.

j(a+bAr‘cSin[c+dx])4
dx

ce+dex

Optimal (type 4, 202 leaves, 10 steps):
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i (a+bArcSin[c+dx]) > (a+bArcSinfc+dx] )4 Log[1 - e?1Arcsinfcsdx] |
i sbde ' de )

2ib (a+bArcSin[c+dx])’Polylog[2, e?*Arcsinlcrdx]]
de :

3b? (a+bArcSin[c+dx] )2 Polylog|3, e2*Arcsinicrdx] | .
de

3ib® (a+bArcSin[c+dx]) PolyLog[4, e2tArcsinic:dx] ] 3p4polylog|5, e?Arcsinlcrdx] |
de ) 2de

Result (type 4, 439 leaves):

16 a* Log[c +d x] +64a>b |ArcSin[c + dx] Log|[1 - e? tArcsinierdx] ]| _
l16de
% i (ArcSin[c+dx]?+Polylog|2, e? Aresinierdx] )
4a%b? (-in’+81iArcSin[c+dx]?+24ArcSin[c+dx]?Log[1-e 2 tAresintedxl ],
24 i ArcSin[c +d x] Polylog|2, e 2iAresinicrdx] ] . 12 polylog|3, e 2 Arcsinicrdx] ) _
iab® (n*-16ArcSin[c+dx]*+64 i ArcSin[c+dx]> Log[1- e 2 Aresinicrdx]] _
96 ArcSin[c +dx]? Polylog[2, e 2! Aresinierdx]
96 i ArcSin[c +dx] Polylog |3, e 2*Aresinlcxdxl ], 48 polylog |4, e 2tAresinlerdxl])
i 1 . . . )
+ = 1ArcSin[c+dx]®+ArcSin[c+dx]* Log[1 - e 2tArcsinicrdx]]
160 5
2i ArcSin[c+dx]?PolylLog|2, e 2 Aresinlcrdxi]
3ArcSin[c+dx]?Polylog|3, e 2*Arcsinicrdxl]

16 b* | -

, . 3 ) .
31 ArcSin[c+dx] PolylLog[4, e 2iAresinlerdx] ] _ = poly| og[5, e 2*Arcsinicrdx] | ] ]
2

Problem 211: Result more than twice size of optimal antiderivative.

dx

J(aerAr'cSin[c+dx])4

(ce+dex)2

Optimal (type 4, 270leaves, 13 steps):
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(a+bArcsinfc+dx] )4 8b (a+bArcSin[c+dx] )3Ar‘cTanh[<eiA"CSi“[C*dX]}
- - +

de? (c+dx) d e?
12 i b2 (a +bArcSin[c +dx] )2 PolylLog [2, _ el Arcsinfc+dx] ]
de? B
121 b? (a+bArcSin[c+dx] )2 Polylog[2, eiArcsinicdx]]
de? )
24b* (a+bArcSin[c+dx]) Polylog|3, -e!Arcsinicrdx] |
de? ’
24b* (a+bArcSin[c+dx]) PolylLog|3, etArcsinicrdx] |
de? B
24 i b* Polylog|4, -elArcsinlcxdxI ] 24 j b* PolylLog |4, elArcsinlcrdx] ]
de? " de2
Result (type 4, 575leaves):
1 at
E ) c+dx “4ath
[w+mg[l (c+dx) Csc[lAr‘cSin[Cerx]H - Log[Sin[lArcSin[Cerx]H] +
c+dx 2 2 2

ArcSin[c +d x]

6 a2 b2 (Ar‘cSin[c+dx} - +2Log[1- etAresinlerdx]] Log[1+e““51"[“dxl]) +

c+dx

2 1 Polylog [2, _ gl Arcsinfc+dx] ] - 21 Polylog [2’ el Arcsinfc+dx] } +

4ab3 ArcSin[c+dx]3
a —

+3ArcSin[c+dx]? Log[1 - e*Aresinlerdxl ] _ 3 ApcSinfc +dx]?
c+dx

Log[1+ etAresin(erdx]] 4 6 j ArcSin[c +d x] Polylog|[2, -eAresinlerdxl] _ 6 j ArcSin[c +d X]

PolylLog [2, el Arcsinfc+dx] ] - 6 PolylLog [3’ _ eiArcsinfcrdx] } + 6 Polylog [3’ el Arcsinfcrdx] } +

+1ArcSin[c+dx]*-
2 c+dx

4 ArcSin[c+dx]3 Log[1+e*Aresinlerdxl] 4 12 § ArcSin[c +d x]? Polylog|2, e *Arcsinierdx]]
12 i ArcSin[c + dx]? PolyLog[2, —e!Aresinic:dxl | 4 24 ApcSin[c +d X]
PolylLog [3, @ L Arcsinfc+dx] ] - 24 ArcSin[c +dx] PolyLog [3’ _ @lArcsinfc+dx] } B

it ArcSin[c+dx]* . )
b* [ [ ] +4ArcSin[c +dx]? Log[1 - e tAresinlerdx]] _

24 i PolylLog |4, e iAresinlerdxl] 24 polylog[4, -etArcsinlcrdx] ] ] J

Problem 213: Result more than twice size of optimal antiderivative.

J<a+bAr‘cSin[c+dx])4
dx

(ce+dex)4

Optimal (type 4, 439 leaves, 21 steps):
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2b2 (a+bArcSin[c+dx])? 2b+/1-(c+dx)? (a+bArcSin[c+dx])>

de* (c+dx) 3de4(c+dx)2

(a+bArcsinfc+dx] )4 8b® (a+bArcSin[c+dx]) ArcTanh [ et Aresinledx] |

3de* (c+dx)’ de?
4b (a+bArcSin[c+dx])>ArcTanh[elArcsinlc+dxI ] 4§ b* polylog[2, -e!Arcsinicrdx] ]
3de* : de? :
2ib? (a+bArcSin[c+dx]) 2 PolylLog|2, -e!Arcsinic dx] |
de* )

4i b*Polylog|2, elAresinicdxI ] 2 b2 (a+bArcSin[c+dx] )2 PolyLog[2, elArcsinicrdx] ]

de* de*
4b* (a+bArcSin[c+dx]) Polylog|3, -elArcsinicrdx] |
de* :
4b* (a+bArcSin[c+dx]) Polylog|3, e*Arcsinicdx] ]
de* )

41 bt PolyLog [4, _ gl Arcsin[c+dx] } 41 bt Polylog [41 el Arcsinfc+dx] }
+
de? de?
Result (type 4, 1274 leaves):
a* 1

- +
3de? (c+dx)3 4de*

a’bp?

8 i Polylog[2, —elAresinlerdx]] _ #2 (2+4Ar‘cSin[c+dx]2—2Cos[2Ar‘cSin[c+dx]} -
<c+dx>3
3 (c+dx) ArcSin[c+dx] Log[1-etArsinlesdxl] . 3 (¢4 dx) ArcSin[c+dX]
Log[1+etAresinie+dx] 4 (c+dx)> PolyLog[2, e*Arcsinlexdxl ]\ 2 ApcSin(c +d x]
Sin[2ArcSin[c+dx]] +ArcSin[c+dx] Log[1 - etAresinlerdx] | sin[3 ArcSin[c+dx]] -

ArcSin[c+dx] Log[1+e!Aresinlesdx] ] sin[3 ArcSin[c + d x] j) +

1
12de*

1
ab®|-24ArcSin[c+dx] Cot| = ArcSin[c+dx] | -4ArcSin[c+dx]>
2

1 A . 5 1 . 2
Cot[ = ArcSinf[c+dx]] - 6ArcSin[c+dx]?Csc[ = ArcSin[c+dx] ]| -
2 2

(c+dx) Ar‘cSin[c+dx]3Csc[§Ar‘cSin[c+dx]]4+

24 ArcSin[c +dx]? Log[1 - e! Aresinlexdxl ] _ 24 ArcSin[c +d x]? Log[1 + e' Aresinlerdxi]
48 Log|[Tan| 3 ArcSin[c+dx]|] +48 i ArcSin[c +dx] Polylog|2, -etAresinlerdx ] _
48 i ArcSin[c +dx] Polylog|2, e*Arsinicrdx] ] _ a8 polylog[3, -etArcsinicdx]]

. : 1 2
48 Polylog|[3, etAresinlerdxl ] 6 ArcSin[c +d x]? Sec| — ArcSin[c+dx] ]| -
2
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16 ArcSin[c +dx]3 Sin[%Ar‘cSin[c +dx) ]4

<C+dx)3

1 1
24 ArcSin[c +dx] Tan| = ArcSin[c+dx] | -4ArcSin[c+dx]?Tan[ = ArcSin[c+dx]]| +
2 2

1 4 .4 - . 4 . 2 1 :
b* |-21 7%+ 41 ArcSin[c+dx]* - 24 ArcSin[c +dx]? Cot[ = ArcSin[c+dx]] -
24 d e* 2

1 1
2ArcSin[c+dx]*Cot| = ArcSin[c+dx] | —4Ar‘cSin[c+dx]3Csc[—Ar‘cSin[c+dx]}2—
2 2

1 . 4 1 . 4
— (c+dx) ArcSin[c+dx]*Csc[ —ArcSin[c+dx]| +
2 2

16 ArcSin[c +dx]? Log[1 - e *Aresin(exdx] |, 96 ArcSin[c + d x] Log|[1 - et Aresinterdx] ] _
96 ArcSin[c +dx] Log[1+e*Aresinlerdxl ] _ 16 ApcSin[c +dx]3 Log[1 + e Arcsinicrdxl |
48 i ArcSin[c +dx]?PolylLog[2, e tArcsinicdx]]
48 i (2+ArcSin[c+dx]?) Polylog|2, —e'ArsinlexdxI] _ 96 i Polylog|2, e Arcsinicrdx]] 4
96 ArcSin[c +d x] PolyLog|3, e *Aresinic+dxl | _ g6 ArcSin[c + d x] Polylog[3, - e*Arcsinierdx]] _
96 i PolyLog [4, e—]’l ArcSin[c+d x] ] _961 PolyLog [4, _ei ArcSin[c+d x] } N
, 8ArcSin[c +dx}4Sin[%Ar‘cSin[c +dx] }4

1
4 ArcSin[c +dx]3Sec[ = ArcSin[c+dx]]|" - -
2 (c+dx>3

1 1
24 ArcSin[c+dx]2Tan[ = ArcSin[c+dx]] - 2ArcSin[c +dx]*Tan[ =~ ArcSin[c+dx] || +
2 2

1 s 1 ] 1 ) 1 1 . 2
——43a°b |- — ArcSin[c +d x] COt[*Af‘CSln[C+dX]]77CSC[*AI"CSIH[C+dX]} -
de* 12 2 24 2

1 , 1 , 1 , >
— ArcSin[c+dx] Cot| =~ ArcSin[c+dx] | Csc[ = ArcSin[c+dx] ]| -
24 2 2

1 1 i 1 .1 .
—Log[Cos[—Ar‘c51n[c+dx]H + gLog[Sln[;Ar‘cSm[Cerx]H +
6 2

1 1 , 2 1 ] 1 _
— Sec|[ ~ArcSin[c+dx] | - —ArcSin[c+dx] Tan| = ArcSin[c+dx] | -
24 2 12 2

1 , 1 , 2 1 _
— ArcSin[c +dx] Sec[ = ArcSin[c+dx] ] Tan[ = ArcSin[c+dx]]
24 2 2

Problem 214: Result more than twice size of optimal antiderivative.

J(a+bAr‘cSin[c+dx]>5d1X

Optimal (type 3, 164 leaves, 8 steps):
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1902 b* 120b°+/1- (c+dx)® 120b° (c+dx) ArcSin[c +dx]
a X +

" -
d d

60b3«/1—(c+dx)2 (a+bAr‘cSin[c+dx})2 20b? (c+dx) (a+bAr‘cSin[c+dx])3

d

N
d
5b./1- (c+dx)? (a+bArcSin[c+dx])*
N
d

Result (type 3, 332leaves):

(c+dx) (a+bArcSin[c+dx])®
d

3(a (a®-20a2b2+120b%) (c+dx) +
5b(a*-12a%b?+24b*) \/1- (c+dx)® +5b (a“ (c+dx) -12a%b® (c+dx) +
24b* (c+dx) +4a3bm—24ab3m) ArcSin[c +dx] -
1002 [-a® (c+dx) +6ab? (c+dx)-3a7ba[1- (crdx)” +6b% /1~ (crdx)? |
Arcsin[c+dx]?-10b° [-a? (c+dx] +2b? (c+dx) ~2ab.[1- (c+dx)? | ArcSinfcdx]®+

5 b* (ac+adx+b 1- (c+dx)2]Ar‘csin[c+dx]4+b5 (c+dx) Ar‘cSin[c+dx15)

Problem 292: Result more than twice size of optimal antiderivative.

J(ce+dex)5/2 (a+bArcSin[c+dx])?dx

Optimal (type 5, 130leaves, 3 steps):

2 (e (c+dx))’? (a+bArcSin[c+dx])?

1
7de 63 de?
8b (e (c+dx)>9/2 <a+bAr‘cSin[c+dX}> Hyper‘gEOmetr‘iczFl[l, g’ = (C+dx)2} N
2 4 4
11 11. .13 15
693de316 b? (e (c+dx))*'? HypergeometricPFQ[{1, —, Z}’ {:, I}’ (c+dx)?]

Result (type 5, 328 leaves):
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= (e (c+dx))5/2 1764 a* (c+dx) +168ab |21 (c+dx) ArcSin[c+dx] +
6174 d
{—2\/C+dx (—5+2(C+dx>2+3<C+dx)4)+10<c+dx) 1—ﬁ
c+dx

+

EllipticF[Ar‘cSin[;], 1]}/ (<c+dx)5/2 1-(c+dx)? )

Vvec+dx
(1)2b2 (—1336 (c+dx) +19324/1- <c+dx)2 ArcSin[c +dx] +
c+dx

1323 (c+dx) ArcSin[c+dx]?-252ArcSin[c +dx] Cos[3ArcSin[c+dx]] -

2 . . 3 5 )
1680 /1 - (c+dx)* ArcSin[c+dx] Hyper‘geometrlczFl[Z, 1, 2 (c+dx)?]+
> 1) b (c+dx)?] /(Gamma[i}
4

7
Gamma[—}) +72Sin[3 ArcSin[c +dx]] - 441 ArcSin[c +dx]2Sin[3 ArcSin[c +d x]]
a4

[210 V2 7 (c+dx) HypergeometricPFQ| {

3 5 7
4 4’ 4

2

3
4

Problem 294: Result more than twice size of optimal antiderivative.

j\/ce+dex (a+bArcSin[c+dx])?dx

Optimal (type 5, 130leaves, 3 steps):

2 (e (c+dx))?>? (a+bArcSin[c+dx])? 1
3de 15d e?
8b (e (c+dx))>? (a+bArcSin[c+dx]) Hyper‘geometr‘icZFl[l, 5, 2, (c+dx)?] +
2 4 4
2 7/2 . 7 7 9 11 2
105de316b (e (c+dx))”*HypergeometricPFQ[ {1, g 4}, {4, . b (c+dx)?]

Result (type 5, 267 leaves):
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1
—_— d
g e(c+ x)

18a® (c+dx) +36ab (c+dx) ArcSin[c+dx] +24b%+/1- (c+dx)2 ArcSin[c +dx] +

2b* (c+dx) (-8+9ArcSin[c+dx]?) -

12ab (2x/c+dx (-1+ <c+dx)2> -2 (c+dx)

1 N . 1
1-— ElllptlcF[Ar‘CSln[i}, —1]

/(\/c+dx A 1= <c+dx)2 ) -
(c+dx)2 Ve+dx
24b%/1- (c+dx)2 ArcSin[c +dx] Hyper‘geometr‘icZFl[i, 1, E, <c+dx)2] +

4 4
1) /

}, <c+dx)2]

3 Bl

(3 /2 b2 7 (c+dx) HypergeometricPFQ|{

3 3 5 7
4" 4 4 4

Gamma[i] Gamma[z})

Problem 299: Result more than twice size of optimal antiderivative.

J(a+bAr'cSin[c+dx])2 4
X

(ce+dex)9/2

Optimal (type 5, 130leaves, 3 steps):
2 (a+bArcSin[c+dx])?

7de (e (c+dx))”?
, , 5 1 1 ,
(Sb (a+bArcsin[c+dx]) Hyper‘geometr‘1c2F1[—Z, R (c+dx) }]/

16 b2 Hyper‘geometr‘icPFQ[{—i, —Z—, 1}, {—i, i}, (c+dx)2}

(35de2(e(c+dx)>5/2)’ 105de3(e(c+dx>)3/2

Result (type 5, 299 leaves):
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1
420d (e (c+dx))9/2

120 a2 (c+dx) +

1- (c+dx)2 (1+3 <c+dx)2)

48ab |-5 (c+dx) ArcSin[c+dx] +2 (c+dx)??

(C+dx)5/2

3EllipticE [Ar‘cSin [\/c +dx ], —1] +3 EllipticF [Ar‘csin [\/c +dx ], —1] +

b2 (C+dx)

(9 N2 on (c+dx) 6 Hyper‘geometr‘icPFQ[{l,

Gamma[z] Gamma[z}) -

4 (—46+30Ar‘cSin[c +dx]2+64Cos[2ArcSin[c+dx]] -18Cos[4ArcSin[c+dx]] +

24 (c+dx)°+/1- (c+dx)® ArcSin[c +dx] Hypergeometric2F1|[1, , (c+dx)?] +

|

SN

3

H |

30 ArcSin[c+dx] Sin[2ArcSin[c+dx]] -9ArcSin[c+dx] Sin[4 ArcSin[c+d x]]

Problem 300: Attempted integration timed out after 120 seconds.
J\/ceerex (a+bArcSin[c+dx])>dx

Optimal (type 8, 82leaves, 2 steps):

2bInt (e (c+dx))3/? (a+bArcSin[c+d x])2
2(e(c+dx)>3/2 (a+bAr‘cSin[c+dx})3 nt| 1-(crdx)? - %]

3de e

Result (type 1, 1leaves):

?2??
Problem 304: Attempted integration timed out after 120 seconds.

J\/ce+dex (a+bArcsin[c+dx])*dx

Optimal (type 8, 84 leaves, 2 steps):

3/2 i 3
8bInt[ (e (c+dx)) (a+b ArcSinfc+d x])

2 (e (c+dx))?*? (a+bArcSin[c+dx])* =

1-(c+d x)?

3de 3e

Result (type 1, 1leaves):

???
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Problem 310: Unable to integrate problem.

J(ce+dex)’" (a+bArcSin[c+dx])?dx

Optimal (type 5, 183 leaves, 3 steps):

(e <c+dx)>1+m <a+bAr‘cSin[c+dx])2

de (1+m)

(Zb (e (c+dx))2*m (a+bArcsin[c+dx]) Hyper‘geometr‘icZFl[E, 2em 4+m’ (c+dx)2})/
2 2 2
(de2 (1+m> (2+m))+
3m 3 m m 5 m
2b2 d 3+mH tricPF 1)_ —y ) 2 e e d 2]
( (e (c+dx)) ypergeometricPFQ| { 2+2 2+2} { +2 2+2} (c+dx) ]/
(de* (1+m) (2+m) (3+m))
Result (type 8, 25leaves):

J(ce+dex)m (a+bAr‘cSin[c+dx])2d1x

Problem 352: Result unnecessarily involves imaginary or complex numbers.

jxs (a +bArcSin [c xz} ) dx

Optimal (type 4, 86 leaves, 5steps):
10bxV1-c?x* 2bx*+1-c?x*
+
147 c3 49 ¢
1 10 b E1lipticF[ArcSin[+/c x|, -1
=x’ (a+bArcSin[cx?]) - P [ [ ) )

7 147 c7/2

+

Result (type 4, 82leaves):
, 2bxvV1l-c2x* (5+3c2x*)

21 ax’ + +
c3

147

10 i b E1lipticF [i ArcSinh[+/-c x|, -1]

(—C)7/2

21bx” ArcSin[cx?] -

Problem 353: Result unnecessarily involves imaginary or complex numbers.

Jx“ (a+bArcsin [cx?] ) dx

Optimal (type 4, 83 leaves, 7 steps):
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2bx3v/1-c2x* 1

+oxe (a+bAr‘cSin[c xz]) -

25¢ 5
6bEllipticE[ArcSin[+/c x|, -1] 6bEllipticF[ArcSin[+/c x|, -1]
25 ¢>/2 i 25 ¢>/2

Result (type 4, 93 leaves):
s 2bx¥V1-c?2x? 1

5ax’ + +5bx5Ar‘cSin[cx2}+
C (_c)S/Z

1

25

6i b (ELlipticE[: Arcsinh[v/-c x], -1] - ELlipticF[i ArcSinh[v-c x|, -1])

Problem 354: Result unnecessarily involves imaginary or complex numbers.

JXZ (a+bArcsin [cx?] ) dx

Optimal (type 4, 61leaves, 4 steps):

2bxV/1-c2x* 1 2bEllipticF[ArcSin|[~/c x|, -1
SOXNLZCOX e (a+bAr‘cSin[cx2])— P [ [ [, -1
9c 3 9 c3/2
Result (type 4, 72 leaves):
2bxV1-c2x? 21 bEllipticF|i ArcSinh|v-c x|, -1
= 3ax3+x—cx+3bx3Ar'cSin[cx2] - P [ s [ [, 1]
c (-¢)

Problem 355: Result unnecessarily involves imaginary or complex numbers.

J(a +bArcsin[cx?]) dx

Optimal (type 4, 49leaves, 7 steps):
2bEllipticE[ArcSin[+c x|, -1] 2bEllipticF|ArcSin[+c x|, -1]

ax+ber‘cSin[cx2] - +
Ve Ve
Result (type 4, 61 leaves):
ax+bxArcSin[cx?] - !
(*C)3/2

2ibc (EllipticE[j Ar‘cSinh[\/—c x], —1] —EllipticF[j Ar‘cSinh[\/—c x}, —1])

Problem 356: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +bArcSin|cx?|
2

X

Optimal (type 4, 34 leaves, 3 steps):
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b ArcSi 2
_a+bArcSin[cx’] +2b+/c EllipticF[Arcsin[+c x|, -1]
X

Result (type 4, 44 leaves):

a+bAr‘cSin[c xz] -2ib+-c xEllipticF[jAr‘cSinh[\/—c x}, —1]

X

Problem 357: Result unnecessarily involves imaginary or complex numbers.

dx
4

a+bArcSin [c XZ]
[
Optimal (type 4, 81 leaves, 7 steps):

2bc/1-c2x* a+bArcSin[cx?]

3x 3x3

2 b c3/2 EllipticE [Ar‘cSin [\/? x] , —1} n 2 b c3/2 EllipticF [ArcSin [\E x] , —1]
3 3

Result (type 4, 91 leaves):
1 a 2bcV/i-c2x* bArcSin[cx?]

- - +
3 x3 X x3

21ib (-c)3? (EllipticE[j ArcSinh[+/-c x|, -1] - E1lipticF[i ArcSinh[+/-c x|, 71”

Problem 358: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcsin|c x?] 5
X

x6

Optimal (type 4, 61leaves, 4 steps):

2bc1-c2x* a+bArcSin|cx? 2
- - [c%*] + —bc*/2EllipticF[ArcSin[+/c x|, -1]
15 x3 5 x° 15

Result (type 4, 72leaves):
1

15 x5

(3a+2bcx2xll—c2x4 +3bArcSin[cx?] -2ib (-c)*2x® EllipticF[i ArcSinh[+/-c¢ x], —1])

Problem 359: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcSin|cx?| 5
X

X8

Optimal (type 4, 106 leaves, 8 steps):
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2bcV/1-c2x* 6bc3\/1-c2x* a+bArcSin[cx?]

35 x° 35 x 7 x7

S b7 Elliptice [Arcsin[+c x|, -1] + S b 72 Elliptick [Arcsin[Vc x|, -1]
35 35

Result (type 4, 100 leaves):

1 5a 2by/1-c2x* (c+3c3x*)  S5bArcSin[cx?]
— | -—- - +
35 x7 x° x’

6ib (~c)”/ (ELlipticE[i Arcsinh[v/-c x|, -1] - ELlipticF[i Arcsinh[v-c x|, -1])

Problem 373: Result more than twice size of optimal antiderivative.

J(a + bAr‘cSin[E}

X

dx

Optimal (type 3, 31leaves, 6 steps):

X c?
ax+bxArcCsc[~] +bcArcTanh|[ [1- — ]
c X2

Result (type 3, 89leaves):

bcv-c?+x? (—Lo 1- X Log|1 X
Y : g[ ) —c+x? ] ' g[ : A —c?+x? ]
ax+ber‘c51n[f]+
X
2 [1-< x

X

Problem 383: Result more than twice size of optimal antiderivative.

a+bArcSin[cx"]
J dx

X

Optimal (type 4, 75leaves, 7 steps):

ibArcSin[cx"]2 bArcSin[cx"] Log[1- @2 i Arcsin[cx"] ]
- + +
2n n

ib POlyLOg [2) (EZJ‘LAr‘cSin[c X"} ]

alog[x] - 5
n

Result (type 4, 157 leaves):
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1

alog[x] +bAr‘cSin[c x”] Log[x] -

_c?

Log[x] Log[\/—c2 x”+\/1—c2 x2M ]+ 11’1 (J’l ArcSinh[+/-c? x"| Log[l—ce’“'"csmh{v’cz X"H -
n
1 i (—Ar‘csinh[xl—cz x"]2+PolyLog[2, @ 2Aresinh [/ -c? X"H)])
2

bc

Problem 389: Unable to integrate problem.

dx

a+bArcSin|c+dx?|
|
Optimal (type 4, 214 leaves, 12 steps):
i ArcSin|c+d x?]
1 i bAr‘cSin[c+dx2}2+ ler‘cSin[c +dx?| Log|1- e—} +
4 2 ic-+1-c?

i ArcSin[c+d x2|

1 . e

~bArcSin|[c+dx?| Log[1- —————] +alog[x] -

2 ic+/1-c?

1 ejAr‘cSin[udxz} eJ‘LArcSin[mdxz}
~ibPolylog[2, ————— ]| - ~ibPolylog[2, ——|
2 ic-+1-c? 2 ic+vV1-c?

Result (type 8, 18leaves):

dx

Ja +bArcSin[c+dx?]

X

Problem 393: Unable to integrate problem.

jx‘* (a + bAr‘cSin[c +d xz]) dx

Optimal (type 4, 336 leaves, 8steps):

16bcxV1-c2-2cdx?-d?x* 2bx3\/1-c2-2cdx?-d?x*
- +

+lx5 (a+bAr‘cSin[c+dx2]) -

75 d? 25d 5
2 2 _
2b~1-c (1+c) (9+23c2)\/1— dx \/1+ dx EllipticE[ArcSin| Vd x },—1 c] /
1-c l+c NE l+c
d x?
(75d5/2\/1—c2—2cdx2—d2x4 +|2bv1-c (1+c) (9+8c+15¢?) [1-
1-c¢

2 -
p. 4 EllipticF [ArcSin| Vd x ],—1 c] /[75d5/2x/1—c2—2cdx2—d2x4)

1ic Jic 1lec

Result (type 8, 18 leaves):
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Jx“ (a + bAr‘cSin[c +dx2]) dx

Problem 394: Unable to integrate problem.

sz (a+ b ArcSin|c +dx2]) dx

Optimal (type 4, 287 leaves, 7 steps):

2 2 42 (4
2bxV1-c2-2cdx®-d?x +lx3 (a+bAr‘cSin[c+dX2”+

9d 3
2 2 _
8b\/1—cc(1+c)\/1—dx \/1+dx EllipticE [ArcSin| \/?x],_l c]/
1-c 1+c Vi-c l1+c

(9d3/2\/1—c2—2cdx2—d2x4

1-c

2 2 -
2b~/1-c (1+c) (1+3c)\/1dx Judx EllipticF[ArcSin[\/?X},—l c] /
l+c J1-c l+c

(9d3’/2\/1—c2—2cdx2—d2x4

Result (type 8, 18leaves):
JXZ (a+ b ArcSin|c +dx2]) dx

Problem 395: Result unnecessarily involves imaginary or complex numbers.
J(a+bAr‘cSin[c+dx2” dx

Optimal (type 4, 237 leaves, 7 steps):

ax+ber‘cSin[c+dx2} -

2 2 _
2b+/1-c (1+c)\/1— dx \/1+ dx EllipticE[Ar‘cSin[ Vd x },—1 c] /
1-c l+c V1l-c l+c
(ﬁ\/l—cz—ZCdxz—d2x4)+
2 2 _
2b\/ﬁ(1+c)\/1 dx \/1+ dx EllipticF[Ar‘cSin[ Vd x },71 c] /
1-c l+c Vi-c l+c

(W\/l—cz—ZCdxz—dzx“)

Result (type 4, 155leaves):
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ax+bxArcSin|c+dx?| +

) ~1l+c+dx? 1+c+dx? L. ) X d l+c
2ib (-1+c) EllipticE[i ArcSinh| x|, ] -

-1+cC 1+c 1+cC -1+cC

d l+c d
EllipticF|i ArcSinh| x|, - ] / \/1—c2—2cdx2—d2 x4
1+c -1+c 1+c

Problem 396: Result unnecessarily involves imaginary or complex numbers.

dx

Ja +bArcSin[c +dx?]
2

X

Optimal (type 4, 126 leaves, 4 steps):

I -]
1 ’ 1+c

dx? dx? . . . A/d x
2b+/1-c +/d \/1 - \/1 + - EllipticF [ArcSin| =
N

a+bArcSin|c+dx?|

X Vi-c2-2cdx?-d2x*

Result (type 4, 140leaves):

: 2ibd [1-92% 1 9% E1lipticF[iArcSinh| |- -2 x], <]
a bArcSin[c+dx?| 1c 1-c “1-c 1c

X X

7% Vi-c2-2cdx?-d2x*
-1-c

Problem 397: Result unnecessarily involves imaginary or complex numbers.

Ja +bArcSin|c+dx?| 4
X

x4

Optimal (type 4, 284 leaves, 8 steps):

2bdv1-c2-2cdx®-d2x* a+bAr‘cSin[c+dx2]

3(1—c2)x 3x3

2bd3/2J1— e J1+ ¢ E11ipticE [Arcsin[ L4X ], - 1<]
-C 1+c NS 1+c

[y

3v1-c V1-c2-2cdx®-d?x*

2bd3/2J1— o J1+ & E1lipticF [Arcsin[ LX), - 1<]
1-c 1+c /1-c 1+C

3+v1-¢c V1-c2-2cdx2-d?>x*

Result (type 4, 243 leaves):
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2bdV1-c?-2cdx’-d’x* bArcsin[c+dx?]

- a + +
3x3 3(-1+c?)x 3x3
. d x? d x? L . . d -1-c
2ib(1-c)d* [1- 1- EllipticE|[i ArcSinh| |- x|, ] -
-1-c¢ 1-c¢ -1-c¢ 1-c¢
.. . . d -1-c
Elllp‘l’.lCF[]l Ar‘cSmh[ - x}, ] /
-1-c 1-c

d
\/1—c2—2cdx2—d2x4
-1-c

3(-1+c) (1+c) |-

Problem 398: Unable to integrate problem.

dx

Ja + bAr‘cSin[c +dx2}

x5

Optimal (type 4, 355Ileaves, 8steps):
2bdv1-c2-2cdx*-d*x* 8bcd?V/1-c2-2cdx?2-d?x*

15 <17C2) x3 15 (1—C2)2X -
: 8bcd¥2 [1-2¢ 1.9 E1lipticE[Arcsin[ LX), - 1<]
a+bArcSin|c+dx?| 1-c 1ec Vi< Tic
B +
5% 15vV1-c (1-c2)V1-2-2cdx®-d*x*

2 2 _
2b<1+3c)d5/2\/1dx \/1+ dx EllipticF[Ar‘cSin[\HX],f1 c] /
1-c l+c Vi1-c l+c

(15\/1—c (1-c?) \/1—c2—2cdx2—d2x4

Result (type 8, 18leaves):

Ja + bAr‘cSin[c +dx2} ;
X

x6

Problem 432: Unable to integrate problem.
aerAr‘cSin[lg])3

( A/ 1+cx dx
1-c?2x?

Optimal (type 4, 275leaves, 8 steps):
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J—
4 3 2 i ArcSin| Y1ex
Ji(a+bAr‘cSin[@]) (a+bAr‘cSin[@}) Log[1-e {vﬁ}]
l+cx _ Visex +
4bc C
2 ZjArcSin{u
3ib (a+bAr‘cSin[@}) Polylog|2, e Vacex 7]
l+cx N
2c
. . \ 1-cx
2 i ArcSin ) . T+ 1-cx
. E { m] 2 i ArcSin| ———
3 b2 (a +b ArcSin| 1;’; ]) Polylog|3, e v ] 3 b? Polylog[4, e e ']
2c 4c
Result (type 8, 42 leaves):
3
(a +b ArcSin| @] )
1+cx dx
J 1-c2x?
Problem 433: Unable to integrate problem.
2
(a +b ArcSin [ @] )
1+cx dx
J 1-c2x?
Optimal (type 4, 205 leaves, 7 steps):
3 2 2 i ArcSin @
i (aerAr‘cSin[CLCX ]) (a+bArcSin[C1’” }) Log[l—e {dmx ]
l+cx _ \V1+cx +
3bc C
. . A 1-cx I
2 i ArcSin 1-cx
. . WJ1-cx {xhcx } 2i ArcSin| 11X
ib (a +bAr‘c51n[ 1+Zz }) PolyLog[Z, e ] ) b2 PolyLog[B, e Jrex ]
C 2c
Result (type 8, 42leaves):
2
(a +bArcSin| @] )
V 1+cx dx
J\ 1-c2x?

Problem 434: Unable to integrate problem.

a+bArcSin [@]
1+cx
dx
J 1-c?2x?

Optimal (type 4, 141 leaves, 6 steps):
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i (a+bAr‘cSin[@])2

1+cx
2bc
. - 211Ar‘c51n{ ] 2 i ArcSi m
a+bAr‘c51n[£\/%]) Log[1-e Jaex ] ) i bPolylog|2, e resia ves ]

C 2c

Result (type 8, 40 leaves):

J*a + bAr‘cSin[@]

1+Ccx

dx
1-c2x?

Problem 438: Attempted integration timed out after 120 seconds.
JAr‘cSin[c e®®X| dx

Optimal (type 4, 84 leaves, 6 steps):

i ArcSin|c e?+tx] > ArcSin [ce?®x] Log[1 - e2iAresin[ce™ ] polylog[2, e?iArcsin(ce™]]
_ N -

2b b 2b

Result (type 1, 1leaves):

PP

Problem 467: Result more than twice size of optimal antiderivative.
eAr‘cSin[a X]
J( 2 2) 3/2 dx
l1-a°x
Optimal (type 5, 45leaves, 4 steps):

1 (i B 8_1) o (1+21) Arcsin[ax] Hyper‘geometr‘icZFl[l B E) 2,2- r _ezﬁArcSin[ax]]

k]
al\s 5 2 2

Result (type 5, 101 leaves):

1/(2 1 . 2-1)ax i i . ;
—(— + —) ghresinlax] (2-d)ax (1+21) Hypergeometric2F1[- —, 1, 1- —, —e**Aresinlaxi |,
al\s 5 4/1 _ a2 X2 2 2
: . i i ) .
e211Ar‘<:51n[ax] Hyper‘geometr‘icZFl[l, 1-—,2-—, _(EZJLAPCSIH[aX]]

2 2

Problem 469: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

c
JAr‘cSin[ b | dx
arbx

Optimal (type 3, 47 leaves, 6 steps):
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2
(a+bx) Ar‘cCsc[§+bX} cArcTanh[_ 1 - <a+cbx>2]

C

+

b b

Result (type 3, 166 leaves):

x ArcSin | +

a+bx

a2-c2i2abx+b2x? | 2b2(—jc+\/azfc2+2abx+b2x2)
(a+bx]) ialog|- ]+
<a+bx>2 a(a+bx)

cLog[a+bx+\/a2—c2+2abx+b2x2] /(b\/az—c2+2abx+b2x2
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Summary of Integration Test Results

474 integration problems

A - 395 optimal antiderivatives

B - 25 more than twice size of optimal antiderivatives
C - 26 unnecessarily complex antiderivatives

D - 22 unable tointegrate problems

E - 6integration timeouts



